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Abstract 



^ ; The goal of this paper is to study certain p-adic differential operators on automorphic forms 

' on U{n,n). These operators are a generalization to the higher-dimensional, vector- valued situa- 

tion of the p-adic differential operators constructed for Hilbert modular forms by N. Katz. They 
f-H ' are a generalization to the p-adic case of the C°°-differential operators first studied by H. Maass 

, and later studied extensively by M. Harris and G. Shimura. The operators should be useful in 

the construction of certain p-adic L-functions attached to p-adic families of automorphic forms 
on the unitary groups U{n) x U{n). 
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1 Introduction 

The goal of this paper is to study certain p-adic differential operators on automorphic forms on 
U{n,n). This is one step in an ongoing project to construct certain j?-adic L-functions attached 
to p-adic families of automorphic forms on U{n) x U{n). For example, in analogue with situation 
in |Kat78] . these differential operators will be used in |Eis] to generalize the construction of the 
Eisenstein measure in [HLS06j . This, in turn, gives a more general construction of the L-functions 
EEH+j than the one originally proposed in [ HLS06| . 
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The differential operators in this paper eliminate some of the restrictions on the extent to which 
the construction of p-adic L-functions proposed in |HLS06] can be generalized to construct more 
general 2- or 3-variable p-adic L-functions attached to families of automorphic forms: 

1. As the introduction of |HLS06j notes, M. Harris, J.-S. Li, and C. Skinner interpolate the L- 
function at a fixed point sq] removal of the restriction that sq be fixed requires the differential 
operators that are the topic of this paper. This issue will be addressed in [Eis] . 
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2. No one has constructed p-adic L-functions attached to vector-valued automorphic forms, 
only scalar-valued automorphic forms. The differential operators are expected to make this 
generalization possible. 

3. In particular, no one has constructed p-adic L-functions attached to vector-valued families 
of non-ordinary automorphic forms other than modular forms. The differential operators 
should also make this possible. In fact, this project originated from my attempt to construct 
(two- and three-variable) p-adic L-functions attached to certain families of overconvergent 
automorphic forms on the unitary groups U{n, n). This paper can be viewed as a step in that 
project, which has turned out to be more widely applicable. 

Indeed, the second and third issues are what led the author to study differential operators, and she 
expects to apply the differential operators to handle each of these situations in future work. 

The length of this paper is due to the fact that much of the "background" material provided 
here is not recorded elsewhere but is necessary for the discussion in this paper. The details in 
the background sections should also serve as a reference for others. For example, our discussion 
of the Kodaira-Spencer morphism is more explicit than elsewhere in the literature and includes a 
discussion at the level of coordinates. To date, this does not appear elsewhere in the literature, but 
it is important for understanding the action of the differential operators at the level of coordinates 
(rather than just as abstract maps). Also, this paper provides a user's guide to g-expansions and 
the "Mumford object," a generalization of the Tate curve to the higher dimensional setting. The 
prior literature ( |Lan08j ) on Mumford objects and algebraic g-expansions is at the level of existence 
statements. Since our intended applications, as well as other unrelated projects ( |SU09| ) require 
a more explicit description of the Mumford object, we provide one here. While it is in some ways 
simpler, the simplicity of the one-dimensional case (as discussed in [Kat78j and j Kat73bj ) obscures 
the larger picture. In fact, many details of the one-dimensional case become more transparent in 
the arbitrary-dimensional situation. 

1.1 Motivation and Earlier Results 

As mentioned above, our motivation for studying the differential operators comes from L-functions. 
We now highlight some relevant prior constructions of L-functions. In 1993, Hida ( |Hid93] ) showed 
that given a family {fk} of ordinary eigenforms, there is a two-variable p-adic L-function that 
interpolates the values of Lf^{s,x) as s and k vary p-adically. In 2003, by extending the methods 
used by Hida, A. Panchishkin ( (Pan03] ) constructed two- variable p-adic L-functions interpolating 
the values of Lf^[s,x) fo^ families of positive slope eigenforms. Both Hida's and Panchishkin's 
p-adic L-functions have applications to the Birch and Swinnerton-Dyer Conjecture. In |HLS06j . M. 
Harris, J.-S. Li, and C. Skinner initiated a project to attach a p-adic L-function L(s,/) to Hida 
families on unitary groups. 

Each of these p-adic L-functions is intimately tied to certain Eisenstein series. In the one- 
dimensional case (i.e. Hecke characters), Damarell's formula expresses special values of L-functions 
attached to Hecke characters in terms of a finite sum of special values of Eisenstein series. This is 
the approach taken by Katz in [Kat78] . In higher dimensions, one can use the doubling methoc0 
to construct L-functions; this is the approach taken in |HLS06j . Through the doubling method, 
one can express special values of L-functions in terms of a finite sum of special values of Eisenstein 
series. Thus, if one can show that each of the finitely many terms in the sum is algebraic (or 

^The doubling method - studied extensively by G. Shimura - is a higher-dimensional analogue of Damarell's 
formula and is a special case of the puUback methods discovered by P. Garrett f [Gar84] ) . 
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p-integral, or lies in a desired ring) up to a period, then one has shown that the special values of 
the L-function are also algebraic (or p-integral, or lie in a specific ring). 

In |Ser73] . J.-P. Serre observed the possibility of using Eisenstein series to p-adically interpolate 
special values of the Riemann zeta function and, more generally, of L-functions attached to totally 
real fields. Many constructions of p-adic L-functions since then have also relied on p-adic interpo- 
lation of special values of Eisenstein series, including |Kat77| . |Kat78] . |Pan03| . and |HLS06| . In 
the case of holomorphic Eisenstein series, the p-adic interpolation often takes place through p-adic 
interpolation of Fourier coefficients. This approach is in general not sufficient, though, because of 
the following issue: most special values of L-functions come from non-holomorphic Eisenstein series, 
which do not have Fourier expansions. This is closely related to the reason that the L-functions 
L(s, /) in |HLS06| are only p-adically varied at a fixed point s = sq (as mentioned above). 

For the case of the unitary groups U{n,n), the p-adic differential operators in this paper can 
be used to solve this issueH These differential operators are a p-adic analogue of a class of C°°- 
differential operators first studied by H. Maass ( [Maa56] . |Maa71| ) and later studied extensively 
by G. Shimura f jShiOi] . [Shlon] . [Shisij . pn8l] . puST] . [Shi84j, [ShiOOj) and M. Harris QHar86j . 
|Har81j ). (In the case of modular forms on the upper half plane, these C°°-differential operators 
are the widely used operators g i— )• y~^{-§^){y^ g) that map a weight k modular form g to a weight 
k + 2 modular form. More generally, they map a vector- or scalar-valued automorphic function to 
an automorphic function of a different weight.) These C°°-differential operators play an important 
role in Shimura's proofs of algebraicity properties of Eisenstein series and L-functions. Shimura's 
proofs, however, do not provide insight into p-adic properties. 

For Hilbert modular forms, N. Katz ( |Kat78j ) reformulates Shimura's C°°-differential operators 
in terms of the Gauss-Manin connection and the Kodaira-Spencer isomorphism. This algebraic- 
geometric approach is useful because it allows Katz to construct a p-adic analogue of the C°°- 
differential operators for Hilbert modular forms. An algebraic geometric argument then shows that 
for each of the p-adic differential operators D and each holomorphic automorphic form / with 
p-integral Fourier coefficients, Df is p-integral (up to a period) at points corresponding to abelian 
varieties with complex multiplication (viewing automorphic functions as sections of a sheaf on a 
Shimura variety); these are the only points whose values matter in the construction of L-functions. 
Katz also studies the coefficients of a ^-expansion DE obtained by applying a p-adic differential 
operator D io a, classical Eisenstein series E] this is useful for using the coefficients of the q- 
expansion of E to prove that DE can be p-adically interpolated. This paper generalizes |Kat78] 
to the setting of automorphic forms on C/(n, n) and symplectic groups, including the more general 
case of vector-valued forms. This author intends to use this to construct some of the more general 
p-adic L-functions mentioned above. 

The p-adic interpolation of special values of L-functions is dependent in part upon the following 
remarkable fact, which is an easy consequence of theorems we prove using the differential operators: 
The differential operators allow one to show that the values of a certain p-adic - in general non- 
algebraic - function at CM points over Oq^ are in fact not only algebraic but also the same as the 
values of a closely related C°° - in general non-holomorphic - function at CM points over Oq^. 
Thus, special values of pairs of seemingly unrelated functions (namely, a C°° non-holomorphic 
function and p-adic function) are meaningfully compared and shown to be equal. 

The starting point for my construction and proofs is |Kat78] : however, the higher-dimensional, 
vector-valued situation is more complicated and involves several obstacles not encountered in the 
one-dimensional case considered in [Kat78] . My generalization involves a more delicate use of the 

^The material in this paper also generalizes almost immediately to give a similar construction of differential 
operators and similar results in the case of the symplectic groups Sp{n), and it should be relatively straightforward 
to generalize to U{m,n). 
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Kodaira-Spencer morphism (which, for the unitary case, is no longer an isomorphism) than in 
Katz's situation. Also, unlike in |Kat78] . the action of the operator on q-expansions is no longer in 
terms of a derivation on a commutative ring, but rather a map (in general, not a derivation) on a 
ring that is in general non-commutative; I formulate the precise action of this map on coefficients of 
vector-valued g-expansions so that the description of the resulting coefficients can be used to study 
p-adic interpolation. (Similarly, there are other instances in which a commutative ring in |Kat78] 
is replaced with a non-commutative one in my situation.) 

1.2 Organization of the Paper 

Sections [2] through [5] cover background information, much of which is not available elsewhere in 
the literature. In addition to being necessary to our discussion of differential operators later in 
the paper, these sections should be a useful reference for other researchers. In Section [21 we 
review automorphic forms from several perspectives and develop necessary background for the 
later sections of the paper. In Section [3l we discuss the Gauss-Manin connection and Kodaira- 
Spencer morphism in more detail than one finds elsewhere in the literature. In particular, we 
give an explicit example, which is useful for the explicit description of the differential operators 
given later. No similarly explicit examples are currently found in the literature. In Section HI we 
discuss Fourier expansions and the algebraic theory of g-expansions. We describe the "Mumford 
object," the higher dimensional analogue of the Tate curve, in detail not found in other literature 
but necessary for our discussion of the differential operators; this should also serve as a "users' 
guide" for others seeking an explicit description of the Mumford Object. In Section [U we discuss 
p-adic automorphic forms on unitary groups, in a format analogous to the one in |Kat78] . 

Our discussion of the differential operators occurs in Sections [6] through [101 In Section [6l we 
briefly review Shimura's definition of C°°-differential operators. The material in Sections [7] through 
[TOl builds upon the material in |Kat78| . In Section [9l we give an explicit formula for the action 
of the differential operators on vector-valued p-adic automorphic forms. This differential operator, 
unlike the one in Katz, is not a derivation; indeed, it acts on a non-commutative ring. We obtain 
a higher-dimensional, vector- valued analogue of Ramanujan's operator q-^. The formula for the 
action of the differential operators is be useful for applications. Others can apply these formulas 
without having read the technical earlier portions of the paper. 

1.3 Notation 

We now introduce some notation that we will use throughout the paper. Our setup is exactly the 
same as the setup in Sections and 1 of |HLS06j . though our notation is not always the same. We 
have tried to be as consistent as possible with the notation of [ ShiOO| . |Har81j . |Kat78| . |HLS06] . 
and [Hid04| . Absolute consistency is frequently impossible, though, since the notation often varies 
from one source to the next. 

Throughout the paper, fix a quadratic imaginary extension /C of Q, and let denote the ring 
of integers in fC. Fix a CM type S of /C, i.e. an embedding 



Throughout this paper, we associate /C with its image in C under the embedding (jl.ip . Let Sjc 
denote the discriminant of /C. Unless otherwise noted, we will always use Rq to denote an O^- 
algebra. Let a be a generator of Oic over Z. The reason for fixing this element a is that it makes 
various examples later on more transparent. In cases where it is possible, we note that it is easiest 
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to follow the examples if one takes a to be purely imaginary. One may also find it helpful to keep 
in mind the case where a = i = \/— T. 

Let Q denote the algebraic closure of Q in C, and write 

incloo : Q "-^ C 

to denote the given embedding of Q in C. 

Fix a prime ideal (p) in Z that splits completely in K. We write Aj to denote the finite adeles 
of Q, and we write Aj to denote the restricted product Yi' o^^r finite primes / 7^ p. Let Cp 
denote the completion of an algebraic closure of Qp, and fix an embedding 

inclp : Q Cp. 

Given an embedding 

cr : /C Q, 

we write to denote the embedding 

incloo o (J : /C C, 
and we write dp to denote the embedding 

inclp o a : K. '-^ Cp. 

We write a to denote the composition of the embedding a with complex conjugation. 

We now establish some notation for modules. For any module M, we denote X]S=o ^^'^ by 
T{M). From now on, for any module M, we associate 

Sym(M) = Sym'^M 

e 

with its image in 

r(M) = Yt%m) 

e 

via the inclusions 

Sym^(M) ^ M®^ (L2) 

Xl Xe ^ ^ X^(i) • • • (g) Xs(e), 

S&Se 

where Se is the group of permutations of 1, . . . , e. Let r be a positive integer, and let F be a vector 
space containing vectors Vi indexed by a subscript i. For any r-tuple A = (Ai, . . . , A^) of integers, we 
use the notation v\ to denote the tensor product ■ ■ ■ ® of r vectors , • • • , v\,. . We write 

to denote the symmetric product f • • • u^" . We write pst or simply st to denote the standard 
representation of GLiV) on a vector space V . 

In parts of the paper dealing with a complex analytic approach, we primarily use Shimura's 
notation (used throughout his papers, e.g. as discussed in the Notation and Terminology section 
of j ShiOOj ). We review some of it here. For a ring R and positive integers r and c, we write to 
denote the iZ-module of r x c-matrices with entries in i.e. a matrix with r rows and c columns. 
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When we want to be careful about distinguishing between column and row vectors, we shall take 
advantage of this notation. For a matrix z with entries in C, we write to denote the transpose 
of z and to denote the complex conjugation *z of ^z. 
Throughout the paper, fix a positive integer n and set 

g = 2n. 

We write In to mean the n x n identity matrix. As in [ShiOOj . we define 

-Hn = {2 G CI i{z* -z)>0} 

= [in J- 

Though it may seem arbitrary at this point in the paper, we will also find the following notation 
helpful. If ^ is a matrix, we write to denote A and to denote *A. 

Given a subgroup G of GL„ (M) , we denote by the subgroup of G consisting of elements of 
positive determinant. 

We now establish some conventions for schemes. For any morphism of schemes vr : y — )■ Z, 
let {^ly/z'^) denote the complex of sheaves of relative differentials on Y/Z (where d is the usual 
differentiation map). The de Rham cohomology Hj^j^{Y/Z) is defined to be the hypercohomology 
M*7r*(0yy^). Given a scheme X over a scheme S and a scheme T over S, we denote by the 
scheme X Xs T. When working with a separated scheme S of finite type over C, we write 5*^° 
to denote the associated complex analytic space. We then write 0^°^ or ©^(hol) (resp. Og°° or 
Os{C°°)) to denote the sheaf of holomorphic (resp. C°°) functions on S^^. 

Acknowledgments 
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2 Certain abelian varieties of PEL type and automorphic forms 

In this section, following the perspectives of [ShiOOj . [Kat78j . and |Hid04] . we discuss automorphic 
forms on the unitary groups U{n, n) and certain abelian varieties with PEL structure. 

2.1 Unitary groups 

In order to discuss automorphic forms on unitary groups and abelian varieties of PEL type, we 
need first to establish conventions for unitary groups. In this subsection, we recall the notation and 
conventions concerning unitary groups given in Section (0.1) of |HLS06j : all the material in Section 
(0.1) of |HLS06] applies to our situation. Let V be an n-dimensional vector space over /C, and let 
be a non-degenerate hermitian pairing on V relative to the extension /C/Q. We write —V 
to denote the vector space V over fC with hermitian pairing (•, •)-v defined by 
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We write 2V to denote the /C-vector space V (BV with the hermitian pairing 



(•,«)2y 

defined by 

{{vi,V2), iwi,'W2))2V = {vi,'Wi)v + {V2,W2)-V 
(= {vi,Wi)v - {v2,W2)v) 

for all vectors , ■U2 , tfi , ^2 in V- 

The Hermitian pairing defines an involution c on End(y) via 

{gv,v') = {v,c{g)v') 

for all g in End(y) and v,v' £ V. Note that for any Q-algebra R, the involution c extends to an 
involution of V 0q R. 

For any vector space W with hermitian pairing (•, and Q-algebra R, we define the following 
unitary groups over Q: 

U{W){R) = U{W,{;»)w){R) 

= {g £ GL{W (^qR)\ {gv,gv') = {v,v'), for all v,v' G W} 
GU{W){R) = GU{W,{;»)w){R) 

= {geGL{W(^QR)\ for all v,v' G W,{gv,gv') = u{g){v,v') with u{g) G i?^} . 

Then 

Ui2V){R) ^ U{n, n)iR) = {5 G GL2n{K »q i?) | ot„<7* = r?„} 
G'C/(2y)(i?) ^ GC/(n,n)(i?) = {g e GL2n{K R) \ gi^nO* = Hdhn some u{g) G i?^} . 

2.2 Certain abelian varieties of PEL type 

In this subsection, we review certain abelian varieties of PEL type. 

Our situation is similar to the setup in Sections 1.2 through 1.4 of |HLS06j . We review here the 
most important features of the setup in [HLS06] . following [HLS06] closely. Our notation in this 
section is not entirely the same as the notation in |HLS06j . (For details on the material covered 
in this section, the reader may also find it helpful to look at chapters 1 and 2 of [LanOSj and at 
chapters 6 and 8 of |Mil04| .) 

Let G = GU{V). Fix a compact open subgroup K = Kj,xKPof GU{V){Af), with Kp C G(Qp) 
a hyperspecial maximal open compact subgroup of G{Qp) and in G(A^). (In applications, the 
maximal compacts of interest will be those used in [HLS06].) We recall the functor k^v from 
schemes S over Q to the category of sets that is given in (1.3.1) of [HLS06| . 

S^{iA,X,L,a)} (2.1) 

where 

• ^ is an abelian scheme over S, up to isogeny 

• A : A — )• is a polarization 

• i : /C — >• Ends (A) C?) Q is an embedding of Q-algebras 
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• a : V (li^ Af ^ Yii ^K^) "X" Q is an isomorphism of /C-spaces, modulo the action of K. 
The above data are required to satisfy the Rosati condition, i.e. the following diagram commutes: 

A 



/.(a) 



V 



A^A-. 

Furthermore, the isomorphism a must identify the Hermitian pairing on V with a multiple of the 
one coming from the Weil pairing associated to A. We call the tuples (A, A, l, a) abelian varieties 
of PEL type. 

Given a vector space W over IC with a non-degenerate hermitian pairing on W, one can 
canonically associate to the group G = GU{W) a Shimura datum {G,X) and a Shimura vari- 
ety Sh{W) = Sh{G,X). The complex-valued points of Sh{G,X) are given by 

Sh{G,X){C) = limG(Q)\X x G{Af)/K, 

K 

where the limit is over all open compact subgroups of G(Aj). Let 

xSh =K Sh{V) =K Sh{G,X) 

be the variety whose complex points are given by G{'Q)\X x G{Af)/K; the complex points of 
this variety classify complex abelian varieties satisfying the above moduli problem. If [/ is a 
compact closed subgroup of GU (Aj), we use the notation uSh{V) to mean the tower of the varieties 
xSh =K Sh(y) with K C U a compact open. 

We remind the reader of Theorem (1.3.2) in |HLS06| . which is originally due to Shimura: 

Theorem 2.1. Whenever K is sufficiently small ("neat", in the sense of ILanOS^ . suffices), the 
functor kAv is representable by a quasi-projective scheme k-M. over Q . The scheme k-M is the 
canonical model for k S h{V) . As K varies, the natural maps between the above functors induce the 
natural maps between the varieties xShiV). The action of GU{V){Af) on KSh{V) preserves the 
Q-rational structure. 

Now we consider a similar but slightly different moduli problem that is discussed in Section (1.6) 
of |HLS06] : it will be useful for the p-adic theory, which we will discuss later. Fix a sufficiently small 
compact open subgroup K = Kp x C G{Af) as above. Consider the above moduli problem 
with L replaced by an injection 

^End5(A)®Z(p). 

As explained in |Kot92j . this moduli problem is represented by a smooth integral scheme k^{G, X) 
over Z(p'), which is a smooth integral model for xSh{G, X). This moduli problem is closely related 
to the moduli problem we now describe. Let kpA^ be the functor S i— )• {{A, \, L,a^)} with A an 
abelian scheme over S up to prime-to-p isogeny, A a polarization of degree prime to p, t : {0]c){,p^ 

Ends'(A) ^ Z(p) an embedding of Z(p)-algebras, and : V{A^^) —5- Vf''P{A) a prime-to-p (C'a:)^^)- 
linear level structure modulo K^. This functor is representable over Zp by a scheme also denoted 
k'S'{G,X). The forgetful map gives an isomorphism kAv -^kp ^ ■ 

We denote by a moduli space over an Ox;-algebra in the situation where we want to remain 
ambiguous about the level structure or any other details about the moduli problem; we also use 
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this notation when it is clear from context which moduh space we mean. We write A^^i^ to denote 
the universal abelian variety over Ai: 

-Aiiriii} 



M. 



We define 



Note that we will always take Ai to be over an O/c-^-lgebraH Working over 0]c affords us the 
following convenient splittings. The embedding 

i-.K.^ End5(A) Q 

makes ui and H\)^ into O/c-modules through the action defined by 

a ■ V = L{a)*{v) 

for each a G Oic- Similarly, since A lies over an O^-scheme 5, the action on u; and Hj^^ induced 
by the composition of morphisms of structure sheaves 

also makes w and H]^^ into O^-modules. The isomorphism 

a0b (ab, ab) 

Ok »q Os^Os® Os (2.2) 
a (g) & I— (a6, ab). 



extends to an isomorphism 



So there is a splitting over Os 



where w"*" is the Os-module defined by 

a;"*" := {w G uj\L{a)*w = aw, a G Ok} 

and oj" is given by 

:= {w G Ld\L{a)*w = aw, a G Ok}- 
There is a similarly defined splitting 

^DR = ^DR ® ^DR 

of Hjjj^. We shall sometimes denote Hjj^^ by H^. 



^Although much of the material in this paper can be developed over other schemes, for example over Q, the 
construction of the Mumford object (discussed in Section[4]) and the compactification of Shimura varieties takes place 
over (C'k)(p). In addition, it will be convenient - though not necessary - to take advantage of the splittings of lj and 
Hdr given above. 
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2.3 The complex analytic viewpoint (Shimura's perspective) 

In this section, for a fixed open compact K, let T be the congruence subgroup of GU{r]n) defined 
by 

r = KnG(Q). 

2.3.1 Transcendental description of abelian varieties of PEL type 

In this section, we give a transcendental description of complex abelian varieties of PEL type, 
following the approach of Shimura in |ShiOO] and |Shi98| . 
Let 

A = {A,\,L,a) 

be a complex abelian variety of PEL type. Then is a complex torus C^"/£, for some Z-lattice 
C in C2", which can be obtained as follows. Let be a basis for w^^^, and let {o;^ lILi be 

a basis for w^/j^. Then, we define the Z-lattice L{A, {u^}^^^, {uj~}^^^) to be 

7 G Hi{A,Z) > . 

The complex abelian variety A^'^ is isomorphic to / L{A, {uj^}f^-^, {uj~}^^i) . The polarization A 
on A corresponds to a Riemann form on L{A, {w^}"^^, {a;^^}"^-!^). The morphism 

L-.K.^ EndQ(yl) 

corresponds to the action t of /C on L{A, {ojf}^^^, {0;^^}^^;^) given by 

i{a)v = ^(a) • V 
for all a in /C and v in L{A, {f^j^}"=i, {oj^^'^^i), where 

is given by 

a I— 7- diag[a ■ !«, a • In]- 

The level structure 

a -.ViAf) ^V^{A) mod K 

corresponds to a map 

V{Af) ^ L{A, Kr}r=i) ® mod K, 

with a compatibility of pairings as above. 



L(AK+}r=i,K-}r=i) = 
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2.3.2 Families of complex abelian varieties of PEL type 

We now recall Shimura's construction (Section 4 of [ShiOO] ) of some families of complex abelian 
varieties of PEL type. Throughout this section, fix a Z-lattice L in K.\^. 

For each z G Hn and each row vector x in K,\n-, let Pz{x) be the vector in C^" defined by 

The function Pz{x) is holomorphic in z. 
We define 

ClIz) = Pz{L). 

Then Pz{L) is a lattice in C^. 

Let Az be the complex torus defined by 

Az = C'''/Pz{L). 

Let Cz be the polarization on Az given by the Riemann form Ez defined by 

Ez {Pz{x),Pz{y)) = tr (x;®qK)/r {xrjny*) 

Every complex-valued point (A, A, l, a) of the Shimura variety KSh{V) is isomorphic for some 
z to Az with polarization Cz and action of /C given by 

Lzia) ■ V = diag[a ■ln,a- In] ■ v 

(for V £ Cl{z) and a £ IC). 

To specify a finite ordered set of points ti{z) . . . ,ts{z) of finite order on Az, it is equivalent to 
specify a finite set of elements ui, . . . ,Us in L Q/L such that 

tiiz) = Pz{Ui). 

We conclude this section by giving a more explicit classification of analytic families of complex 
abelian varieties of PEL type. Fix a finite set of points {ui, . . . , Ug} in K.2n- Consider the quintuple 

17 = {/C,M/,L,r?„,{nJti}- (2-3) 
Such a quintuple is called a PEL-type. Let 

P={A,C,i;{ti}U) 

be a tuple consisting of a complex abelian variety A, a polarization C, a set of points ti, . . . , of 
finite order on A, and a ring injection 

i : K.^ EndQ(y4) 

that is stable under the involution of EndQ(j4) determined by C. We say that P is of type Cl if 
the following holds: there is a Z-lattice A; a homomorphism ^ : — t- A; an M-linear isomorphism 
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such that 



for all a € /C and x G 
that satisfies 



Z]^ and such that 



q[ax) = '^{a)q{x) and 
i{a) o^ = ^o ^(a) 

ti for each i; a Riemann form E determined by C 




E{q{x),q{y)) = tr 
and a commutative diagram (Figure (4.3) in |ShiOO] ) 





The classification of complex abelian varieties of type 0, which we now make precise, will be 
useful for understanding how the classical (analytic) definition of automorphic forms motivates the 
algebraic-geometric definition of automorphic forms. For each z in ?^„, let 

P, = {A,,C,,i,-{ti{z)]U) 

with Az, Cz, iz, and {ti{z)}f^i defined as above. Then, Pz is of type for each z in Tin- Further- 
more, Theorem 12.21 (Theorem 4.8 in fShiOOj ) classifies abelian varieties of type il. An element 



a 



A B 
C D 



G C/(r/„) 



acts on T-in by 



az = {Az + B){Cz + D)-^. 



Theorem 2.2. The tuple Pz is of type Q for each z in Tin, and every tuple of type Q is isomorphic 
to Pz for some z in Tin- Tuples Pz and Pyj are isomorphic if and only if there is an element 7 in 
the group 



r = {a G U{r]n)\La = L and UiO — Ui €z L for each i} 



that satisfies 



w 



72:. 



Remark 2.3. Taking L to be the lattice in }C2n generated by the standard basis vectors ei, . . . , e2n 
and the vectors q • ei, . . . , q • 62™ (with a a generator of IC over Q), we see that there is an analytic 
family of abelian varieties j4univ over Tin such that the fiber of A^ 
Tin is the abelian variety 



over each point z = (zij) in 



A, 



'/Lz 



where Lz is the Z-lattice in C generated by: 

Zj — {^Ij 1 • • • 1 Znji ^jli ■ ■ ■ ) ^jn)i l^'^) 

ej = vector with 1 in the j-th and j -|- n-th positions and zeroes everywhere else (2-5) 

z'- = (a*zij, . . . ,a* Znj,azji, . . . ,azjn) (2.6) 

e' = vector with a* in j-th position, a in j -|- n-th position, and zeroes everywhere else, (2.7) 



with j = 1, . . . , n. We will work with this family of abelian varieties in examples in future sections. 
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2.3.3 Complex analytic automorphic forms 

In this section, we remind the reader of the classical definition of automorphic forms over C, 
following the perspective of Shimura ( [ShiOOj ). 

For a = ^ ^ ^ ^ ^ ^iVn) and z G Tin, we define 

Ma{z) = M(a, z) = {iJ.{a, z), A(a, z)), 

where 

n{a, z) = Cz + D 
and 

A(a,z) =C-^z + D. 
Let X be a finite-dimensional vector space, and fix a representation 

uj : GL„(C) X GL„(C) ^ GL{X). 



For any map 



and a £ U{r]n), define 



by 



(/La) {z)=uj{M^{z))-^ f{az). 



Definition 2.4. Let F be a congruence subgroup of U{r]n). A (holomorphic) automorphic form of 
weight UJ with respect to F is a holomorphic function 

that satisfies 

/II7 = / (2-8) 

for each 7 G F. When n = 1, we also require that / is holomorphic at the cusps. 

We denote the space of all (holomorphic) automorphic forms of weight oj with respect to F by 
M.^(T), and we set 

Definition 2.5. A C°°-automorphic form of weight iv with respect to a congruence subgroup F is 
a C°°-function 

that satisfies ()2.8p for each 7 G F. 
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2.4 Automorphic forms from another perspective 



In this section we reformulate the definition of automorphic forms given in Section 12.3.31 in terms 
of functions on certain lattices (with additional structure) and, finally, in terms of functions on 
abelian varieties of type Our discussion here is a generalization to abelian varieties (of type il.) 
of the situation for elliptic curves discussed in Appendix Al.l of (KatTSbj . Although the situation 
for modular forms (viewed as functions on lattices in C, or equivalently, as functions on genus 1 
abelian varieties) is explained in |Kat73bj . the case = 1 is so simple as to obscure the situation 
for more general automorphic forms. 

Let Q be as in (j2.3p . We begin by defining a lattice of type ri. Let {C, E,{ti}f^i) a tuple 
consisting of a lattice C in such that there is an R-linear isomorphism 

q-.Cl^a (2.9) 

satisfying 

q{L) = C 

and 

q{ax) = ^(a)g(x) 

for all a G /C and x G L, a finite set of points {ti, . . . , ts} in £ (g) Q such that q{ui) = ti for all i, and 
a Riemann form E on relative to C such that 

E{q{x),q{y)) =tTK/Q{xVny*) (2.10) 

for all x,y £ O. We call such a tuple {C, E,{ti}f^^) a lattice of type Cl. We define an action of 
GLn{C) X GLn{C) on the set of tuples {C, E,{ti}f^-^) of type Q via 

a-{C,E,{ti}U) = {aC,E'',{at,}Ui), 

where is defined by 

E'^{az,aw) = E{z,w). 

(Note that by aC, we mean 

aC = {av\v £ C} .) 

Observe that, modulo the action of GL,„ x GLn on lattices of type 0, there is a natural correspon- 
dence between lattices of type and isomorphism classes of abelian varieties of type fi. 

Prom now on, given an M- linear isomorphism (7 : — >• C^, we write Eg to denote the Riemann 
form on defined by 

Eq{q{x),q{y)) = tr x/qixVuV*)- 

Let 

f-.Tin^X 

be an automorphic form of weight co with respect to a congruence subgroup T of U{i]n)- Fix a 
Z-lattice L in /C2„. We now associate to the pair (/, L) a function f^ of lattices £ C of type 0, 
which we will later use to reformulate our definition of automorphic forms in terms of functions on 
abelian varieties of type Q. 
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Theorem 2.6. Fix a CM type Let L be a Z-lattice in C^, and let f be an autoniorphic form of 
weight uo with respect to a congruence subgroup T ofU{r]n) containing the group 

r' = {a G U{r]n)\La = L and Uia — Ui G L for each i}. (2-11) 

There exists a unique function f^ of lattices {C C C^, E, {ti^l^]) of type Q. with Nui G C for all i, 
such that for each a G GLn{C) x GLn{C), 

fUa ■ (£, E, {t,}U)) = ^Car'fUC, E, (2.12) 

and such that 

fL{Pz{L),E„{p,iu,)}U) = f{z) (2.13) 

for all z in Tin- 

Proof. Let (£ C C^, E, {ti}f^i) be a lattice of type Q such that Nti G £ for ah i, and let q be as in 
(j2.9p through (I2.10p . Then, as explained in the first paragraph of Theorem 4.8 of [ShiOOj . there is 
a diagonal matrix S G GL2n(C) and an element z G Tin such that 

q = S-p„ (2.14) 

i.e. such that 

(£ C C^,E,{t,}U) = S-{p,{L),Ep^,p,{u,)). 

Therefore, if the function fi exists, then by ()2.12p and ()2.13p . its value at C must be uj{^S)^^ f{z). 
So if the function exists, it is unique. 

Now we show that the function fi exists. For this, it suffices to show that if there exist matrices 
S and T in GL„(C) x GL„(C) and elements z and w in Tin such that 

(£ C a,E,{ti}U) = S-{p,iL),Ep^,p,{ui)) (2.15) 

and 

{Cca,E,{ti}t^^)=T-{p^{L),Ep^,pUui)), (2.16) 

then 

ojCT)-'fiw)=ojCS)-'fiz). (2.17) 

For the remainder of the proof, suppose that both ()2.15p and ()2.16p hold. Then the abelian 
varieties of type Q attached to {pz{L), Ep_,,pz{ui)) and {pw{L) , Ep^ , pw{ui)) are both isomorphic to 
the abelian variety of type Q attached to (C C , E,{ti}f^j^). Therefore, by Theorem 12. 2| 

w = jz 

for some 

7Gr'crcc/(r?„). 

By line (4.31) of pfiOn] . 

p,{xa) ='M{a,z)pazix) (2.18) 
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for all X G and a G U{r]n)- Since L = La for all a in F', (j2.18p shows that 

p,{L) = 'M{^,z)p^{L). 

Since Uj — auj G L for each a in T' , 

Pz{uia) = Pz{ui) 

for each a in F'. Since 7 G U{rin), 

Hence, it immediately follows from the definition of Ez that 

EpAPz{xa),pz{ya)) = Ep^{pz{x),pz{y)). 

So 

{pz{L),Ep^,Pz{ui)) = ^M{'y,z) ■ {p^{L),Ep^,pyj{ui)) 

Therefore 

r = 5-*M(7,z), 

so the right hand side of (|'2.17p is equal to 

u{'T)-MM{i, z))f{z) = ojCrr'fijz). (2.19) 

Since w = 7Z, the right hand side of (|2.19p is equal to the left hand side of (|2.17p . So Equation 
(j2.17p holds, which proves the existence of the function f^. ■ 

Having reformulated the definition of automorphic forms in terms of functions of lattices of type 
0, we now reformulate it again in terms of functions of complex abelian varieties of type 0. Observe 
that giving an ordered basis {u;^}^^-^ of is equivalent to giving an element of the module 

f| = Isomc(C",wJ). 

(This equivalence is via (cj 1— )• cvf)'^^-^ -f-)- {uj^}f^^, with standard basis vectors in C".) The group 
GLn{C) acts on Sa^ via 

{a- \){v) := \{^a-v) (2.20) 
for all u G and a G GLn(C). We define £a by 

£a-=£a® Si- 
Then the action of GLn{C) on given in ()2.20p induces an action of GL„(C) x GL„(C) on £a, 
and to give an element of £a is equivalent to specifying an ordered basis of uf^ and an ordered basis 
of a;~. 

Let C{A) be the lattice of type il. attached to A as in Section 12.3.11 Then we see that for each 
a G GL„,(C) X GL„(C) and A G £a, 

a- £. = C{A,a - X). (2.21) 
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Let {uj,V) be a finite-dimensional representation of GL„(C) x GLn{C), and let 

be an automorphic form of weight uj with respect to some congruence subgroup F of U{r]n) con- 
taining r' (with r' defined as in ()2.1ip ). We define to be the unique function from pairs {A, xj^ 
(where A is an element of Sa) to V satisfying both 

FL{A,aX)=coCa)-^FL{A, A) 

and 

FLiA,X) = fL{C{AA))- 

Thus, an automorphic form / of weight w on F corresponds to a function F from pairs {A, A) to V 
satisfying 

F{A, aX) = ujCa)-^F{A, A). (2.22) 

Now we explain how to view functions F satisfying (I2.22P as certain functions on abelian varieties 
A of type O.. 

Given a ring R and a group B that acts on i2- modules Vi and V2, we define the contracted 
product Vix-^y2 to be Vi©y2 modulo the relation (t;i,r;2) ~ {bvi,bv2). Let H'^ := GL„(C) xGL„(C) 
act on £a by the action induced by (I2.20p . and let act on V via 

V I— uj{^h)^^v. 

We define £a,v.uj to be the contracted product 

To give a function F from pairs {A, A) to V satisfying (j2.22p is equivalent to giving a function 
F from abelian varieties A of type il. to £a,v,uj- This equivalence is via 

F{A) = iX,F{A,X)). 

Letting Af^^^ be the universal family of abelian varieties of type Q over T\Hn, we see that 
giving a holomorphic automorphic form / is equivalent to giving a section of the O;^"! -module 

Similarly, giving a C°°-automorphic form / is equivalent to giving a section of the 0'}i^{C°°)- 
module 

£vAC°°) ■.= £Aii,^,v,.^OnACn- 

*To avoid confusion with the notation A for the polarization, the notation {A, A) will always refer to an an abelian 
variety A/ R in k Ay (R) for some O^-algebra R and an element A G £a_- 
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2.5 Algebraic geometric approach to automorphic forms on unitary groups 

Having discussed several equivalent definitions of automorphic forms from an analytic perspective, 
we now approach automorphic forms from an algebraic geometric perspective. As the reader will 
see, over C, we recover our earlier definition of automorphic forms from the algebraic geometric 
definition. Our approach here is similar to the one taken in Section 1.2 of |Kat78) . 

Fix an OAc-algebra Rq. Let V be an i?o-™odule. For any i?o-algebra R, we denote by Vr the R- 
module I^^/Jq R obtained by extension of scalars Rq — )• R. Let (p, V) be an algebraic representation 
of GLn X GLn that is defined over i?o. That is, for each i2o-algebra R, p defines a homomorphism 

PR : GLn{R) X GLn{R) ^ GL{Vr) 

that commutes with extension of scalars R ^ R' -Ro-^-lgebras. 

Fix a compact open subgroup K of G = GU{n,n). We denote by F the congruence subgroup 
G(Q) n K. For each abelian variety A = (A,\,L,a) in /^Ay(i?) over an Ro-algehra R, we now 
define modules S^^j^, ^a/w ^A/R- Similarly to in Section [2^ we define 

f|/^ = Isomjj(i?",w±/^) 
^A/R = ^A/R ® ^A/R- 

To give an element of A G ^a/r equivalent to specifying an ordered basis wi, . . . ,a;„ of w^/^; the 
equivalence is via 

^ ^ ^A/R ^ ^(^l)' • • • ' ^(^") ^ ^A/R- 

So to giving element of £a/r is equivalent to specifying an ordered basis of uT and an ordered basis 
of uy^. The group GLn{R) acts on £a/r 

{a- X)iv) := XCav). (2.23) 



The action of GLn{R) given in (j2.23p induces an action of GLn{R) x GLn{R) on £a/r- 
Let = GLn{R) x GLn{R) act on Vr via v i— )■ p{^Q)~^v and act on £a/r through 
induced by (|2.23p . Similarly to in Section [2^ we denote by £{^a,v,p)/r the i?- module 



£a/r x^" V. 

Observe that formation of £f^Ay,p)/R commutes with extension of scalars — )• i?' of i?o-£ilg6bras. 

Definition 2.7. An automorphic form of weight p, defined over Rq, is a function / from the set 
of pairs A), consisting of A in kAv{R) over an i?o-algebra R and an element A in £a/r^ to Vr 
such that all of the following hold: 

1. The element /(-A, A) depends only on the i2- isomorphism class of {A^ A). 

2. The formation of /(A, A) G Vr_ commutes with extension of scalars i? — t- i?' of iJo-^-lgebras, 
i.e. 

f{A xspcci?, R', A ®R R') = f{A, A) ^RleV 0r R' 
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3. For each {A, A) over R and a G HP{R), 

fiA,aX)=pCa)~'fiA,X). 

We write Mp(i?o) to denote the i?o-module of automorphic forms of weight p defined over R. 

Similarly to in Section 12.41 we now give an equivalent definition of automorphic forms of weight 

P- 

Definition 2.8. An automorphic form of weight p defined over Rq, is a rule / that assigns to 
each A in kAv{R) over an i?o-algebra R an element of £(a,v,p)/r such that both of the following 
conditions hold: 

1. The element f {A) in £(^a,v,p)/r depends only on the /^-isomorphism class of A. 

2. The formation of f{A) commutes with extension of scalars i? — )• i?' of -Ro-^ilgebras, i.e. 

f{A XSpecR SpecR') = f{A) (g)R 1 G £(A,V,p)/R ^R R'- 
The equivalence of these Definition 12.71 with Definition 12.81 is through 

f{A) = {X,f{AA))- 

The perspective of Definition 12.81 leads us to another (equivalent) formulation of the definition 
of automorphic forms in the case where xAyiR) is representable (i.e. in the case where K is 
sufficiently small ). In this case, consider the scheme 

M ■.= Mr{K) ■.=k Sh{V) xo^R 
SpecR 

We denote by £^ the locally free sheaf 

of C'_A/( -modules on Ai, and we denote by £ the locally free sheaf 

£ = £-&£+ 

of C'_v! -modules on A4. We denote by ^y,p, the locally free sheaf £ x^'' V. Then an automorphic 
form of weight p is a global section of the sheaf £v,p on MptiK). Note that for any representation 
{p, V) that can be decomposed as a direct sum {pi (B P2,Vi (B V2), the map 

£v,p — > £vi,pi ffi £v2,P2 (2.24) 

{X,V) ^ {{X,Vl),{X,V2)) 

is an isomorphism. (Its inverse is ((A, f 1), (aA, 0^2)) ^ {aX,a{vi,V2))-) Therefore, to give an 
automorphic form of weight p is equivalent to giving an automorphic form of weight pi and an 
automorphic form of weight p2 ■ 
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Since GL„ is reductive, each finite dimensional representation p can be written as a direct sum 
of irreducible representations 

P = Pl®---® Pm 

for some m. Every irreducible representation of GL„ can be realized as a subrepresentation of one 
of the representations constructed as followsH For each set A of ordered integers Ai > . . . > A„, 
there is a representation (pA, Va.) of highest weight A. The representation (pA, Va) can be realized 
explicitly by taking 

Fa = Sym(^i-^2)(^n) ^ Sym(^2-A3)(^2^n^ Sym^"(A"i?"), 

and letting p\ be the GL„-action on V\ induced by the standard representation of GLn{R) on i?". 
If A„ is negative, then by Sym'*'"(A"ii"), we mean the dual representation of Sym~'*'"(A"ii"), which 
is just the representation in which each g £ GLn acts on each f G i? by f i— )• detg'^'^v. (Note that 
the highest weight vector in Va is (ei)^^!"^^) ^ /y g2)(^2-A3) ^ . . . (g, (g^ . . . /\ e^)^".) Every 
irreducible representation of GLn x GL^ is of the form p^ p^ with p^ irreducible representations 
of GLn. 

Let be a free rank n i^-module. We write to denote '^yTa.^^^'^'^\W)^'^yTa.^^''^^''^\K^W)® 
••• 0Sym^"(A"W/). When p is an arbitrary representation whose decomposition into irreducible 
representations is pAi ® • • • ® PA„ > we denote by W the module W'^^ ® • • • ® . Given another 

free-module Wq of rank n and a representation p = pAi ® PA2 5 we write (VF ® VFo)'''^i'^^'^2 to denote 
the module W'^'^^^Wq^'^ . Given an arbitrary representation p whose decomposition into irreducible 
representations is pi ® • • • ® pm, we write {W ® WqY to denote the module WP^ ® • • • ® WP"^. 

Let A be an ordered set of integers Ai > . . . > A^, corresponding to the representation of GLn 
of highest weight A. Each A^ G £^ induces an isomorphism 

A^'^'A : Fa = (i?")"^ ^ (w^)"^ 

defined by 

V1-V2 l-> A(ui) • A(i;2) \{Vm) 

where each Vi is in i?" and each • denotes the symmetric, tensor, or alterating product (according 
to Va)- Observe that 

{a-\)^P^ = \P^{pK{^a)v). 

So given a representation p\_ ® pf^^ of GLn x GLn, each isomorphism (A^, A+) £ £ = £^ ® £~^ 
induces an isomorphism 

via 

v~ ^ A''*- {v~) ® A^'^+ (u+). 

Observe that 

{a ■ Xf^-^P'^+iv) = A''^-®^^+(pA_ ® PA+(*a)^^). 

^To see that not all of these representations are irreducible, observe that the representation of GLg corresponding 
to (2, 1, 0) is the representation st {st'^ det), and st (g) st^ = AdP ® 1. 
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Therefore, there is an isomorphism 

%_®Va+,pa_®pa_, ^ i^T- ^ (^+)''^+, (2.25) 

defined by 

{X,v) ^ XP''~'^P''+ (v). 

Thus, at least in the case in which K is sufficiently small (i.e. when the moduli problem k^v 
is representable) , automorphic forms of weight p (with p a subrepresentation of p = pA_ PA+) 
are sections of {iu~ (S>ui^)^- This last perspective (i.e. viewing automorphic forms as sections of 
{oj~ (i^uy^)^ will be particularly useful to us when defining the differential operators. 

When working over C, the following theorem, which relates algebraic automorphic forms to 
holomorphic ones, is useful. 

Theorem 2.9. If n> 1, then f i— )• /^"^ gives an isomorphism 

M'^'»(C)(/),r) ^ M^^(p,r). 

This fact involves the existence of toroidal compactifications and the analytic Koecher principle. 
The reader may see |FC90| for additional details. 

2.6 C°°-automorphic forms 

For any sheaf on A^, we let J-{C°°) be the sheaf obtained by tensoring with the C°°-structural 
sheaf of A^'^''. 

Note that we have inclusions (analogous to (1.8.1) of |Kat78| ) 

M-ig ^ H\Mc:£v,p) C Afi^"! = //0(A^"°,fy,p ® O)^) C M^°° = H\M,8v,p ® 0^°°) 
Over Ai^'^, we have the Hodge decomposition 

H}jji{C°°) = w(C°^) © w(C°°) (2.26) 

of Hjyj^ into the sheaf a;(C°°) of holomorphic differentials and the sheaf a;(C°°) of anti-holomorphic 
differentials. The fiber Hj-,j^{C°°)z of Hj^j^^C^) over a point z G Tin is the de Rham cohomology 
of that fiber. The splitting (I2.26P induces the Hodge decomposition of H\y^{C°°) at each fiber, i.e. 
the splitting into holomorphic and antiholomorphic submodules. 

3 The Gauss-Manin connection and the Kodaira-Spencer isomor- 
phism 

In this section, we review the Gauss-Manin connection and the Kodaira-Spencer morphism, two 
maps that are important for the construction of the differential operators. We follow the construc- 
tion of each map with an explicit example in terms of coordinates over C. 

Throughout this section, let vr : X — )• S and vr' : y — )■ 5 be smooth, proper morphisms of 
schemes, and suppose that S" is a smooth scheme over a scheme T. (For our upcoming construction 
of the C°°-operators, it will be useful to keep in mind the case where T = 5pec(C), 5 = 7W, 
and X = ^univ) As noted in Section 12.61 we move freely between the algebraic and analytic 
perspectives. 
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3.1 The Gauss-Manin connection 

In this section, we briefly review the construction of the Gauss-Manin connection ( |Kat70] . |K068] . 
|kan| . |Ked08j ) . from which the differential operators will be constructed. Consider the decreasing 
filtration of ($1^^^, d) defined by 

= Fil\Q.\/T) 

= Image(7r*r2^/j, (^Ox ^x/T ~^ ^x/r)i (3-1) 

where the morphism in ()3.ip is the canonical one. The associated graded complex is Gr{Vt*) = 
(Bp>oGrP, with Gr^ = FP/F^^^. As explained in jK068j and |Kat70| . there is a spectral sequence 
(which converges to M^+'^7r*(0^y^) = Hj^j^ {X / S)) with Ei term given by 

= M%,(GrP). 

The Gauss-Manin connection is the differential 

di : ^ E^'i. 

We denote the Gauss-Manin connection by V. 
Observe that 

Gr' ^ n*-^'g ®Ox ^*%/T 

for all i. In particular, we see that 

i?^ - H%^{X/S) 

So the Gauss-Manin connection is the map 

V = : Hl^{X/S) ^ Hl^{X/S) ®Os ^\/t- 

We will always take q = 1 when applying the Gauss-Manin connection. 

Observe that by construction of V, if / is an endomorphism of X over S, then 

V(rW) = (r®Id)(V(7;)) (3.2) 

for each v in Hj-,j^{X/S). As a consequence of (13. 2p . we see that if A is an abelian variety of type 
()2.ip over an Oy^-scheme S and v is in Hjjj^{A/ S)~^ , then 

(i(a)* Id)(V('y)) = ViiiaYv) = V(a • v) = aV{v) = (a ® Id)V(f), 

so 

V {HhR{A/Sr) C HhniA/Sr ® ^ (3.3) 

Similarly, 

V {Hhj,{A/S)-) C HhR{A/Sr » n. (3.4) 



23 



3.1.1 An important example 



If we trace through the map given by the Gauss-Manin connection, we see that it involves lifting a 
relative form to an absolute form, differentiating the absolute form, and then projecting down to 
an element of Hjjj^{X/S) (Si^g^rp. This idea is best made clear in an example over C, which we will 
now provide. This example not only explicitly illustrates how the Gauss-Manin connection acts in 
one of the main cases that interests us (the other example being over a p-adic base); it also will be 
useful later when we explicitly describe the action of our C°°-differential operators and when we 
relate our C°°-operators to the ones in |ShiOO| . This example is strongly inspired by sections 4.0-4.2 
of [HarSlj . and the construction here is directly analogous to and closely follows what Harris does 
for symplectic modular forms. Our example is the U{n, n) analogue of the example for symplectic 
groups in sections 4.0-4.2 of [HarSl] , 

As noted in Section O we will often work over the underlying C°°-manifold of our moduli space. 
We take this approach right now. In our example, we will consider ^univ over Tin over C, as in 
Section [231 The sheaf i?^^(C°°) has a splitting 

Fi^(C7~) ^ w(C°^) e Split(C°°), (3.5) 

where w(C°°) is the space of holomorphic one- forms (which is the C°° vector bundle corresponding 
to the sheaf of relative one-forms w = vr^ri^^^.^/-^^) and Split(C°°) is the space of anti-holomorphic 
one-forms. Also, recall that the fiber Hjyj^(C°°)z of Hj-,j^{C°°) over a point z S Tin is the de Rham 
cohomology of that fiber (i.e. A^, in the notation of Section [2. 3p and that the splitting (j3.5p induces 
the Hodge decomposition of H]^^{C°°) at each fiber. 

Let ui, . . . , U2n denote standard coordinates in C^". Then the global relative 1-forms dui, . . . , du2n 
form a basis of the fiber of co over each point z G H. 

We now define some global relative 1-forms that have constant periods across the fibers of 
^univ/^n- We define them to be dual to the one-cycles (in homology) defined in terms of the 
basis for given in Equations (j2.4ll2.7p . We consider the M- linear global relative one forms (for 
i = 1, . . . ,n) which are given over 



in Tin 



by 



n n n 



OLi 



aj-ej + bjZj + a'/j + b'jz'j | = (3.6) 
vi=i i=i i=i i=i 



n n 



ii=i i=i i=i i=i 



n n n n 



a. 



j=i j=i j=i j=i 



n n n n 



\j=i i=i i=i i=i / 

for each ai,bi, a'^,b[ in M. (Here we are using the notation for the basis of Lz given in Equations 

dsaiEZ]).) 
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Observe that these forms have constant periods along the fibers. Therefore, 

V (a,) = V (A) = V (a-) = V {/3'^ =0 for i = 1, . . . , n. (3.10) 

That is, the sections a j , /3j , , /3j' are horizontal. 

Now we express dui, . . . , du2n and dui, . . . , du2n in terms of ai, Pi, Oi[,f3[. Using the definitions 
of Cj, Zj, e^, z[ (as in Equations (I2.4ti2.7p ) and a^, a-, f3[ (as above), we see that for i = 1, . . . , n, 

n n 

Y^^ij^'j (3-11) 

j=l 3=1 
n n 

dui = ai + ^ Zijl3j + aa- + a ^ (3-12) 

3=1 3=1 

and for i = n + 1, . . . , 2n, we have 

ra n 

dui = "i + ^ ^j,i-nl3j + aa- + a ^ ^j.i-nP'j (3.13) 

n n 
i=l j=l 

Since V is a connection, it satisfies: 

V (a • f ) = aV (f ) + f (X" da 

for any a S O-Hn and any v E Hjjj^. This, combined with Equations (|3.1ip - (I3.14p shows that for 
i = 1, . . . ,n, 

n n 

3=1 3=1 
n 

= Y{pj + aP'^)®dzij (3.15) 
i=i 

n n 

V {dui^n) = ^ /3i (X" dzji + a ^ /3^- ® dzji 
i=i i=i 

n 

= ^ (;Sj- + ^ dzj-i (3.16) 
i=i 

One can similarly compute V[duij. For our purposes, however, we will only be interested 
in the application of V to the holomorphic differentials. (This is because automorphic forms are 
associated with the holomorphic differentials.) 
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From Equations (j3.1ip - (j3.14p . we see that 

( Pi + a/31 



V /3n + a/3; 



I dun^i — dui \ 



V dU2n - dUn J 



(3.17) 



/3i + a/3i 



(3n + 



( du\ — dUn 



+1 



(3.18) 



\ dUn - dU2n 



Remark 3.1. We revisit ()3.2p in the context of our example. Consider an endomorphism / : ^univ 
Auniv over Tin- Then / (L^) C L^, and so /* maps the horizontal sections ai, (Si, a[,l3[ to horizontal 
sections, (i.e. Forms with constant periods are mapped to forms with constant periods.) Let v 
be an element of Hj^j^. Then we can write v = fiji for some horizontal sections 7^ and some 
sections fi G O-h™- Since / is a morphism over Tin, we see that /* (v) = Yl fif*li- So 

V (/* [v)) = /*7. ® dfi = if* ® Id) V (J2 fi^i) = if* » Id) V (v) 

This completes our example (for now) regarding the action of the Gauss-Manin connection. 
This perspective will be useful again when we define the C°°-differential operators. 



3.1.2 Remark about some related connections 

From the Gauss-Manin connection, we can construct connections on (ffj-,^)®™', AHjj^^, and SymiJ]-,^ 
through the product rule. For example, for any v and w in Hjjj^, we set 

V {v(^w) = a{V (v) (^w) +v(g)V (w) , (3.19) 

where a is the canonical isomorphism switching the order of the last two components of the tensor 
product: 

Vl V2 ^ V3 ^ Vl ® V3 (g) V2 

We similarly define V on higher tensor powers of Hjjj^ inductively. 

Connections constructed from the Gauss-Manin connection through the product rule play a role 
in the construction of the differential operators in later sections. 



3.2 The Kodaira-Spencer isomorphism 

We now briefly review the Kodaira-Spencer isomorphism, which will be essential in our construction 
of the differential operators. For some more details (from the perspective of deformations), see 
|FC90] . For a much more thorough treatment (also from the perspective of deformations), see 
|Lan08j . 

From here on, we will restrict our discussion to the case where X is an abelian scheme. In our 
construction of the differential operators, we need to apply the Gauss-Manin connection iteratively. 
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For this, we need to relate ^s/T to a submodule of Hj^j^{X/S). (We will relate ^x/s to ^S/T-) We 
do this via the Kodaira-Spencer morphism. 
Let 

oJx ■= '^*^x/s 

where denotes the dual of X. 

Hypercohomology gives a canonical exact sequence 

O^cjx^ H}jji{X/S) ^ R\^{Ox) (3.20) 
We then have canonical isomorphisms 

HhR{X/S)/{7TMx/s) ^ R'MOx) 

Define 

KS' : OJX {uJx-^y ^s/T (3.21) 
to be the composition of canonical maps 

^ ^ HhuiX/S) ^ H}^j^{X/S) ® ns/T ^ R'^MOx) «) ^s/T ^ ('^xv)" (E) ^s/t- (3.22) 
Tensoring each side with of 13.211 with wx^, we obtain a morphism 

KS : uJx <^ oJx'J ^s/Ti 
making the Diagram (|3.23p commute. 

UJX ® uJx^ — ^ ^s/T (3.23) 





)g®ht-^f{h)^g 

In Subsection 13.2.11 we explicitly describe the Kodaira-Spencer morphism in coordinates in an 
example over C. In our example, we will be able to explicitly give the kernel of KS. For more 
general cases, the kernel of KS is provided in [LariOSJ ; we provide the relevant result from [LanOSj 
in Subsection l3.31 However, while the abstract result from [LanOSj is useful, it is also important (for 
our particular situation) to keep in mind the example in coordinates that we work out in Subsection 

[3xn 

3.2.1 Useful Example over C 

We now discuss the Kodaira-Spencer isomorphism in in detail in coordinates over C, in order to 
provide the reader with a more explicit understanding. In this example, like in the example in 
Subsection 13. l.H we will consider A^^iv over Tin over C. To describe KS, it will be helpful first to 
describe the polarization (for z in Tin) 
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following section 3.3 of |Slii98| and section 4 of [ShiOO] . 

Define (, ) to be the non-degenerate symmetric M-bilinear pairing on C^" defined by 

n 

y) = ^ XiVi + ^iVi 
i=l 

for all vectors x = {xi) and y = {yi) in C^". Let z* , e* , Zj* , e'j'^ denote the elements of C^" such 
that for any vector v G C^" 

{v,z*) = (3,{v) 
{v,z';) = 

{v,e*) = aj{v) 
{v,e'j*) = oijiy), 

where 13 j , aj , /?j , a'j are defined as in Equations <\3.6h through ()3.9p . 
Let (, ) be the pairing on C^" defined by 

n 
i=l 

for all vectors x = (xi) and y = (yi) in C^". Then we can write ai, /3i,a'^, f3^ as the sum of its 
C-anti-linear and C-linear pieces as 

"iW = + (e*,«) 

Consider the Riemann form Ez on C'^" defined on the lattice by 

Ez{Pz(.x),pz{y)) := trc/R(x7?„y*) 

for all x,y £ O'^, where Pz{*) is defined as in section [2^31 
Viewing Az as 

C2"/L*, (3.24) 

where L* is the lattice spanned by z* , e* , z'j* , e'* , we have that A is the C-linear map defined by 

{Xiu),v) = Ez{u,v) 

for all u,v in C^". Li particular, we see that 

X{ei) = 2z* + trc/M(a)z-* 
-^(eO = trc/R(a)2* + 2aaz[ * . 



®We remark that the notation * here has a different meaning from in Section [2.31 We use this notation in both 
places in order to be consistent with Shimura's notation in ShiOO and [Shi98) . since he also uses this notation in 
both ways. It should be clear from context in this paper which meaning * heis. 
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So for Uj € C, we have that for j = 1, . . . ,n, 

A((0, . . . . . . ,0)) = UjX( — ^{aej-e',] 

\a — a ■' 

((2a - trc/R(a)) z* + a (trc/R(a) - 2a) z'*) 



a — a 
Uj yzj + aZj ) 



and similarly, 



A((0, . . . ,Uj+„, . . . ,0)) = UjX[^ — {aej-e'j) 



a — a 
= Uj{Zj + aZj ). 

Now let wi, . . . Wn,Wn+i, • • • , W2n be coordinates on C^" in terms of the vectors 
zl + az[*, ...,< + a4*, + az[*, ...,< + a^*, 
respectively. Then for 1 < j < n, 

A* {dwj ) = duj 

We are now in a position to look at the action of the Kodaira-Spencer morphism KS on the basis 
dui (g) dwj, i,j = 1, ... 2n for uja^ Wy^v . We will do this by tracing dui dwj step-by-step through 
the composition of maps (|3.22p and ()3.23p . For i = 1, . . . ,n and j = n + 1, . . . , 2n, 

dui (8) dwj ^'i — >^ dui dwj ( (^^ -|- a/?^) (g) dzjj!. j (g) dwj (3.25) 

Vfc=i / 

n 



mod u)Az 

k=l 



J2 ((•' 4 + "4*) t^-Zifc) ® f^^^j (3-26) 
fc=i 

n 

I—)- ((dwfc)^ (g d-Zjfc) <g rf^i'j I— ^ dzij-n- (3.27) 



k=l 

(Note that in lines (I3.24|) . ()3.26p . and ()3.27p . we are implicitly associating the following via their 
canonical identifications: C'^^, the tangent space of A^, ^a'^^ ■^°™c-anti-lin('^-4z' ^A^-) 
So from lines (j3.25p through (j3.27p . we see that 

KS{dui (g) dwj) = dzij-n for 1 < i < n and n + 1 < j < 2n. (3.28) 

Similarly, by tracing dui (g) dwj through the composition of maps (|3.22p and (|3.23p . one finds that 

{dzj^i-n if n + 1 < i < 2n and 1 < j < n 
' ifl<i,J<n (3.29) 

ifn+l<i,j<2n 

We thus find that 

Iks := keriKS) 
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is spanned by 

{dui (8) dwj — duj (X" dwi\l < i,j < 2n} U {dui (g) dwjll <i,j<norn + l<i,j< 2n} . (3.30) 

This is a special case of the more general result given in Lemma 13.41 In Section [HJ the above 
description of Iks will be important in our consideration of the action of V on I^s (defined 
through the product rule). 

For our construction of the differential operators and our comparison of our differential operators 
to the C°°-operators in [ShiOO], the following lemma (which follows from our work above) will be 
useful. 

Lemma 3.2. KS induces an isomorphism (the "Kodaira- Spencer isomorphism") 

Associating ^y^/c with the complex vector space via 

dzij -f-T- Cij := the n x n matrix with 1 in the ij-th position and zeroes everywhere else, 
we have that for all 7 G K'^ C GL2n(C), h G u)a "X" i^a^j md g G f^-^/c? 

KS {{pst ® pst){l ® l){h)) = T{j)g. (3.31) 

The reader may find it instructive to compare the above lemma with the description of the 
Kodaira- Spencer isomorphism over Mumiiq) given in Section \4-2.1\ 

Proof. The isomorphism follows directly from the above example. Equation (j3.3ip also follows from 
the above example, combined with the definitions of pst and r from Section [2.31 ■ 

For convenience, we often associate uja with w^v via the isomorphism 

A* : Wyiv — >■ UJA 
dwi I—)- dui 

coming from the polarization A. 
Lemma 3.3. 

V{Iks) mod (Split(C°°) ® 0(C°°)) 

is contained in 

Proof. We prove this lemma by showing that 

V(w)c/0J1 (3.32) 

for all the elements v in the basis for Iks given in (|3.30p . 

Using the product rule given in (|3.19p . we have that for all x and y in iMC°°), 

V(x 0y-y0x) = ct(V(x) 0y) + x0 V(y) - a{V{y) x) - y V(x). (3.33) 
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By (j3.30p . we know that for all x and y in w(C°°) 

X 1^ y — y X 
lies in Iks- Therefore, for all z and w in w(C°°), 

z ^ V{w) - a{V{w) ^ z) mod (Split(C°°) ® !^(C°^)) 
lies in Iks ® Consequently, from Equation (j3.33p . we see that 

V(x ®y — y®x) 

lies in Iks ® ^ mod (Split(C°°) ® r2(C°°)) for all x and y in c<j(C°°). In particular, for ah i and j, 
V((ini duj - duj ® dm) mod (Split (C~) <^ n{C°°)) 



lies in Iks <^ 

Now, we check that 



V{dm duj) mod (Split(C°°) ® J7(C~)) 



lies in Iks r2(C°°) whenever l<i,j<noin + l<i,j< 2n. From Equations (I3.15P through 
(|3.18p . we see that for 1 < i, j < n, 

V{dui) mod Split(C7°°) ^ !^(C°^) 

is contained in the submodule of a;(C°^) (g) Q{C°^) generated by the set of elements 

{duk (S>w\l <k <n and w G r2(C°°)} ; 

and similarly, 

V{dui+n) mod Split(C°°) 

is contained in the submodule of w(C°^) (g) r2(C°°) generated by the set of elements 

{duk w\n +1 <k <2n and w G il(C°°)} . 

Therefore, we see that for 1 < i,j < n, 

V{dui ® duj) mod Split(C°°) ® 

is contained in the submodule of a;(C°°) (8) w(C°°) il(C°°) generated by 

{dtifc (Si (iii/ (Si w|l < A;, / < n and w G il(C°°)} , 

which is a submodule of li^-s (8) il(C°°) fbv l3.30p . Similarly, we see that for 1 < i, j < n, 

Vidui+n duj+n) mod Split(C°°) 

is contained in the submodule of w(C°°) (E> ui{C°°) f](C°°) generated by 

{duk+n dui^n "X" w\n + l<k + n,l + n<2n and if G il(C°°)} , 

which is a also submodule of //^-s $7(C°°) (bv l3.30p . 

Since we have now shown that ()3.32p holds for all v in the basis for Iks given in ()3.30p . the 
proof of the lemma is complete. ■ 
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3.3 The kernel of the Kodaira-Spencer isomorphism 

We try as much as possible in this section to be consistent with the notation of |Lan08j . Throughout 
this section, let Sq be the base scheme over which /^S is defined, and let (A, A, l, a) be the tuple 
associated to a morphism S -^k § (by the universal property). As usual, {A, A, t, a) consists of the 
following data: 

1. an abelian scheme A over S 

2. a prime-to-p polarization A : j4 — )• A^ (if p is the characteristic of S) 

3. an endomorphism t : O/c — t- Ends (A) 

4. a level structure a 

parametrized by over Sq, where the characteristic of is or p. 
Lemma 3.4 ( |Lan08] . part of Proposition 2.3.4.2). The kernel Iks of 

KS : uja/s ^A-^/s ^S/So 
contains the submodule Jks of Uj^/g <^ ivj^v generated by the set of elements 

{X*{y)0x - A*(x) ^y\x,y G uj^v/g} U 
{{i{b)*x) ^y-x0 {{i{b))*y)\x G ujA/S, y £ ua^/s, b € 0,c} , (3.34) 

Furthermore, if S ^ M is etale, then the map 

KS : uja/s ® ^A^/sl Jks ^s/So 

is an isomorphism. 

Since A is a prime-to-p polarization, the morphism 

A* : uja^/s ^A/s 

is an isomorphism. 

Therefore, we obtain the following Corollary of Lemma 13.41 

Corollary 3.5. Suppose S ^ M. is etale. Then, the Kodaira-Spencer morphism KS induces an 
isomorphism, which by abuse of notation we also denote KS: 

KS : Sym^{ujA/s)/JKS ^ ^S/Sq- (3-35) 

(Here, we associate Jks with its image in Sym'^{ujA/s)-) 

Remark 3.6. We shall mainly be applying Corollary 13.51 in the case where S = A4 and the map 
— )• 7W is the identity (so the abelian scheme associated to S" — )• is the universal abelian 

scheme Auniv)- Since the identity map is etale, we can indeed apply Corollarv 13.51 in this situation. 
We note, however, that in the case where S is an arbitrary scheme over Sq and — t- 7W is not 

etale, Iks can be strictly larger than Jks- For example, consider the case where M. = Tin over 

5*0 = C, S = C, and A is the abelian variety corresponding to a morphism S := Spec{C) — )■ Hn/C 

In this case, ^s/So = 0) but Syrn^ {uj a/ s)/ Jks / 0. 



32 



As a direct consequence of Corollary 13.51 we have isomorphisms (which are crucial in our 
construction of the differential operators) 

^M/So Syrr?{ui)/ Jks (3.36) 
^ w+ O (3.37) 

Note that depending on the situation, we will work sometimes with isomorphism (j3.36p and 
sometimes with (I3.37p . 

4 Algebraic and analytic g-expansions 

In this section, we briefly discuss algebraic g-expansions, which will be important in later proofs. 
4.1 Fourier expansions 

In this section, we discuss the complex-analytic theory of g-expansions, closely following section 5 
of pliOO) . 

For c G C and X G C^, we let 

e(c) = exp(27ric) 
e"(X) = e(tr(X)) 

5 = = {ct e = a} . 

Let r C GU{7] n) be a congruence subgroup. Then there exists a Z-lattice Ad in S such that 
1 cr 



1 



is in r for each a in M. Let 



L' = {h£ S\tr{hM) C Z} . 



Remark 4.1. Shimura denotes the Z-lattice L' by L ([ShiOO]). Since we (and Shimura) use L to 
denote another lattice as well, we introduce the notation L' rather than labeling both lattices (which 
appear in the same contexts but are not equal) the same. 

Let / be a holomorphic automorphic form with respect to F that takes values in a vector-space 
X. Then because f{z + a) = f(z) for each a G M, f has a Fourier expansion, i.e. there exist 
elements c{h) € X such that 

fiz) = c(/i)e"(hz). 

We write the Fourier expansion of / as 

/(z) = 5]c(/i)e"(hz). 

h£S 

The elements c{h) are called the Fourier coefficients of /. If n > 1, then c{h) ^ only if h is 
nonnegative definite. 
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4.2 A user's guide: The algebraic theory of q'-expansions and the Mumford 
object 

In this section, we discuss the algebraic theory of g-expansions. This section should be viewed as a 
user's guide to algebraic g-expansions in the PEL moduli problem (i.e. the situation of this paper). 
The situation for the Sp{n) moduli problem is similar. 

The algebraic theory of (/-expansions relies upon the existence of what we shall call "Mumford 
objects" or "Mumford abelian varieties." Mumford ojects are the higher dimensional generalization 
of Tate elliptic curves. Like Tate curves, Mumford abelian varieties arise naturally from a certain 
semiabelian scheme over toroidal compactifications of the moduli scheme Ai = Sh{2V) over (O^)^^^. 
For each cusp of A^, there is a corresponding Mumford object, which lies over the compactification 
of Sh{2V) at that cusp. The details of the construction of toroidal compactifications of PEL 
Shimura varieties is given in |Lan08] FI For Hilbert modular forms, the corresponding toroidal 
compactifications were constructed in |Rap78| . For symplectic modular forms, this is discussed is 
|FC90] . For details on the discussion in |FC90j . the reader is advised to see |Lan08j . 

Tate curves are often used explicitly in computations and described in detail in coordinates 
over C. The current literature on Mumford objects and algebraic g-expansions, however, does not 
provide a similarly explicit description. The current literature ( (LanOS) ) does, however, provide a 
g-expansion principle analogous to the q-expansion principle for Tate curves. 

Since our intended applications, as well as other unrelated projects ( |SU09| ) require a more 
explicit description of the Mumford object, we provide one here. The reader wishing, on the other 
hand, to learn the details of toroidal compactifications of M should consult |Lan08j . 

While it is in some ways simpler, the simplicity of the one-dimensional case (i.e. Tate curves, 
as discussed in [Kat78j and |Kat73b) ) obscures the larger picture. In fact, many details of the 
one-dimensional case become more transparent in the arbitrary-dimension situation. 



4.2.1 The Mumford object 

Let 

v = w®w', 

where 

>V,>V' = /C". 

Note that 



J 



-Ir 
In 



induces a pairing ^ on V. The pairing ^ induces an isomorphism 

W ^ Hom(W,/C). 

Define a pairing 

^' -.V xV 



^Though it is not in |Lan08| . Lan shows in [Lan09| that the g-expansions defined algebraically in |Lan08| agree 
with the analytic Fourier expansions. 
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by 

(x, y) ^ ^'{x, y) = tr {6^^^ (x, y)) 
for each x,y £ V. Let L be the lattice inside V defined by 

Then the restriction 

: L X L ^ Z 

of to L X L is a perfect pairing. We shah write W and W to denote W D L and W D L, 
respectively. 

Let U be an open compact subgroup of GU{n,n){Af) = G{Af). Then 

shaiu) = G{q)+\nn X G{Af)/u D r\nn, 

with 

r = G+(0)nc/. 



Let P be the stabilizer of W in GU{n,n), where GU{n,n) acts on H^' (viewed as row vectors) 
on the right. Then each matrix in P is of the form 

A B 
C 

Let be the unipotent radical of P, and let 

H = Nnr. 

Then H is an upper-triangular, unipotent subgroup of GU{n,n){K). It is a simple computation to 
show that N is contained in the group of matrices of the form 

In B 



In 

with B a Hermitian matrix with entries in K. Thus, we can choose the lattice M used to construct 
Fourier expansions in Subsection 14.11 so that 

rr_f in M 

Note that H maps W toW. 

Let H'^ be the dual lattice of H. That is, each element of may be viewed as a Z-linear map 
— )■ Z given by 

h^ii (gh) C Z. 

for some (non-unique) matrix g. A simple computation shows that we may associate H"^ with the 
lattice L' in K^, where L' is defined in terms of M as above. 
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The data L = W (B W above is called the (zero-dimensional) "cusp at infinity." The zero- 
dimensional cusps are in one-to-one correspondence with the elements of P{Q)\G{Af)/ K . There 
is not a canonical way to associate a lattice to each g in P('Q)\G{Af)/K , but a systematic way is 
the following. Write 

i 

9 = 79ik. 

Define the lattice at the cusp corresponding to g to be 

Lg = {L0 Z)gi n V 

Wg = w-fr\L 
w'g = w'-i n L. 

Then H is defined accordingly, corresponding to our new choice of cusp. Note that the symmetric 
space is Wy 'Hn- Each gi tells us which Fj and 7 says which Borel. In the following discussion of 
Mumford objects and g-expansions, one can consider any of the cusps g, even though we write our 
discuss in terms of the notation for the cusp at infinity; the reader wishing to work with a different 
cusp g should simply replace L with Lg, W with Wg, etc. 

As explained in |Lan08| , for a toroidal compactification of M , the completion along the bound- 
ary stratum for the zero-dimensional cusp [^f] lies over Spfi?, where R is the ring 



[[q.H^o]f^ = I "f^l'' \h>0.ah€ , and aijhj*) for all (7,7*) e Tg 

There is a semiabelian scheme over the toroidal compactification of TW. By passing to (C'yc)(p) {{q, H^q)), 
we obtain an abelian variety Gh over A^/Spec((C'^)(-p) ((g, H^q))), which gives the Mumford object 
at the cusp H, a semi-abelian scheme lying over 

{{q,H^o)) = I J2 ""hQ^ I ^ ah = if « I 

and denoted Mumi(g). 

We now briefly discuss the analytic situation over C to provide some context and motivation 
for our upcoming (algebraic) description of Mumford objects. Recall that for an elliptic curve E, 
the analytic construction 

E = C/Z + rZ ^ C^/g(Z), 

where q is the map 

q-.Z^C" 



gives a map from an elliptic curve to the complex points of the Tate curve. We now do the analogue 
of this in our situation. 
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Recall the notation 



'Hn = {Z e M„(C) \i{Z* - Z)>Q} . 
Let Z = X + iY he in Tin- Then settmg 

Z + Z* 



X 
Y 



2 

-i{Z - Z*) 



2 

we have Z = X + iY, with y > 0. Now we express Tin in terms of H: 

nn = H (^R+ {H icH(g>C. 

(For a set S of Hermitian matrices, we write S'>o to denote the set of positive definite matrices in 
S.) Let T £ Tin H C Then we may express the abelian variety Ar as 

W C/Lr, 

where Lj- is the Z-lattice generated by W <^ 1 and t{W) C W C So we have a commutative 
diagram of Lie groups (where the map q is defined implicitly through the exp map, and q{H^) = 
exp(r(W^))) 



n„CH(S)C — ^ ® = Spec ((C'k:)(p) ((<?, ^^>o))®0;c 

The quotient W Gm(C)/g(i/^) above is the set of complex points of an abelian variety. 

We now describe the Mumford object more explicitly, analogous to the description of Tatea,fa(g) 
in |Kat78j . 

Remark 4.2. For the reader trying to understand |Kat78j in the context of our description of the 
general situation, we provide the following dictionary between Katz's notation and the notation we 
will use for the general situation. 

b o W 



ab o W 



We define a Z-linear morphism 



q:W ^W' 0Gm (4.1) 
from W to the torus W (E> Gm lying over Ofc{{q, H"^)) to be the composition of morphisms 
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(By eval^o, we mean the map h i— )• h{w) in Homg(i7, W').) 

The "Mumford abehan variety at the cusp H" is the algebraification of the rigid analytic 
quotient 

qiW)\{{Wy ^G„,). (4.2) 

We denote the Mumford abehan variety by Mum2,((j') or Mumjif(g). The construction of the Mum- 
ford abehan variety is discussed in |Mum72j and in [Lan08| . 

The Mumford abehan variety MumL(g) has a canonical PEL structure. The canonical endo- 
morphism 

tcan : Ok: £;n(i(c)^)^^^((g^j^v^))(MumL(g)) 

is defined by 

a : L — )• L 
Z I— )• Q • / 

for each element a of Ojc- The dual abelian variety is 

MumL(g)^ = Mumty,vgj^yv(g), 
i.e. the algebraification of the rigid analytic quotient 

g(VF'^)\(H^^0G^). 

The canonical isomorphism 

induced by the pairing ^ induces a canonical polarization 

Xcan ■■ q{W)\ {W Gm) ^ q{W''' )\ {W"" Gm) 

of Mumi;,(g). 

The natural exact sequence 



I 

induces a canonical level K structure 



modulo the action of K. 

At times, we shall write MumL{q) to mean the tuple (Mumi(g), Acam /-can, «can)- 
Observe that there is a canonical isomorphism 

COL : Lie(MumL(g)) ^ Lie(W^' G„) = W (S) (Ox;)(p) {{q, ^>o)) 

Dualizing the morphism ojl, we obtain a canonical isomorphism 

oocan : W'^ ^5 (Oc)(p) {{q, H^o)) ^ ^> (4-3) 
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which gives a canonical element of E. There is a similar isomorphism on Mumi(g)^: 

® ((9, ^>o)) = Lic(G™ ® W'') ^ Lie(MumL(g)^) 



(4.4) 



We now revisit the Kodaira-Spencer morphism in the context of Mumi(g). Recall that for 
an abelian variety A the Kodaira-Spencer isomorphism identifies derivations of Ox with pairings 
of and Lie(^^), i.e. with elements of Lie(^) (g) Lie(A^). We provide a concise reminder of the 
Kodaira-Spencer isomorphism for an abelian variety A, reviewing precisely the details that we will 
need in our discussion of the situation for Mumi(g). Recall the exact sequence 

^ a; ^ ili,^ ^ Lie(^'^) ^ 

and the Gauss-Manin connection (from which the Kodaira-Spencer morphism is constructed) 



Each 



defines a morphism 



which induces a morphism 



D&TM/o^='Der{OM,OM) 
V{D):HhR^HhR, 



KS{D) : ui Lie(yl^ 



defined to be the composition of maps 



DR 



V(i?) 



> H 



DR 



The map 

D ^ KS{D) 

defines the Kodaira-Spencer morphism 

Tm/Ok Homo^ (a;,Lie(^^)) ^ Lie(^) Lie(A^). 

Dualizing gives 

n ^ Lie(A) (g)Lie(y4^). 
On Mumi(g), the Kodaira-Spencer map is 

KS : Der [{Oic)^) {{q,H>o)), {Ok){p) ((g,-H'>o))) lAe{M.\im.w®w'{Q)) ® Lie (Mum|y,v^^^v(g)) 

-W®T^^®(0^)(p)((g,i/^o)) 

Given 7 G if ®z C/C; define 

Din) e Der ((0^)(^^ ((g,i?^o)), {Ok)^^) {i<l,H^o))) 



39 



by 



Note that there is a natural Z-hnear morphism 
Then 

KS{D{^)) = cPnil) 1 

in W'^W'' ^{OK)(^p)i{q,H^o))■ 
For w G W'"^, let uj{w) denote the image in lo of w 1 under the morphism (14.3p . For each 
V G W"^ , let denote the image oi v 1 under the morphism ()4.4p . Then for each j £ H, 

V (L>(7)) = /(w • 7) mod lu. 

The notation uj and / has been chosen to be similar to similar maps in |Kat78j . We further denote 
by 

the projection of a;(w) onto ur^. We then have that the Kodaira-Spencer isomorphism is the map 

u}+{ei) (g) uj'{ej) ^ {D{eij)Y , 

with ej, ej,eij standard basis vectors in W and H (^1 Ox. = (Oac)", respectively. 

Note that by extending scalars, we may consider Mumi(g) over R® (Oa:)(p) {{<!■, -f^>o)) each 
O^-algebra R, and we can extend the above maps to the case of Mumi;,(g) over R®{0]c)^'^ {{q, -ff>o))- 

4.2.2 Algebraic g-expansions 

The algebraic theory of Fourier- Jacobi expansions is discussed in detail in |Lan08] . We now discuss 
the key features for our situation. For a general, in-depth discussion of Fourier-Jacobi expansions, 
the reader is referred to |Lan08] . 

Definition 4.3. Let / be an automorphic form of weight (p, V) over R. We define the g-expansion 
of / at the cusp H to be 

/((Mumi((7) Acan) (X) R,UJcan <^ R) 

As noted at the beginning of the section on the Mumford object, the g-expansions of / lie inside 

V^rR^{Ok)^p) [[q,H^o]]- 

Furthermore, when working over C, the analytically defined Fourier coefficients of the function 
on Tin (where we associate the function / of abelian varieties with the function : Tin — >• C 
as in Sections 12.31 through 12. 5p at the cusp L are the same as the algebraically defined (7-expansion 
coefficents at the cusp L. That is, if 

/((MumL((?) 

then the /i- Fourier cofficient of for each h £ is also c{h). 

In Proposition 7.1.2.15 of [LanOSj . Lan proves the Fourier-Jacobi Principle for automorphic 
forms on PEL Shimura varieties. The g-expansion principle for modular forms is a special case of 
this. 
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Theorem 4.4 (g-expansion Principle, special case of Proposition 7.1.2.15 of |Lan08) ). Let f be 

an automorphic form on U{n,n) over an Ojc-algebra R of weight p with values in an R-module 
R 0Oic ^ /o*^ some Ofc-module X. 

1. If f{MumL{q)) = at one cusp on each connected component of M, then / = 0. 

2. Let Ro ^ R be an Ojc-subalgebra of R. If f{MumL{q)) G (0/c)(p) {{q,H^o)) ®Ok R® X 
actually lies in (C'/c)(p) ((g, LI^q)) ^o^ Rq^X (Ck:)(p) {{q, ^>o)) ®Oic R^X for one cusp 
in each component of M, then there is a unique automorphic form of weight p on U{n,n) 
defined over Rq which becomes f after the extension of scalars Rq ^ R. 



5 j9-adic automorphic forms and the Igusa tower 

In this section, we review p-adic automorphic forms, following the viewpoints of |Hid04| . |Hid05j 
and jHLS06j . We also introduce the results that will be necessary for our construction of the p-adic 
differential operators. Many of these results are the analogue for U{n, n) of the results in sections 
1.9 through 1.12 of |Kat78j . 

Note that our notation is neither exactly that of jHid04j nor that of [HLS06) : those sources use 
different notation from each other, and so we've chosen the notation we found most appropriate 
for our situation. 

Let R be an O/c-algebra that is separated for the p-adic topology, i.e. satisfying 

R^^R/p'^R. 
m 

Let Rq be the p-adic completion of R. Let K = Kp x C G{Af) be a compact open subgroup 
with Kp C G(Qp) a hyperspecial maximal compact and C G(Aj). 

Let V be the prime of K, over p determined by the embedding inclp. Let W = {0/c)v, and let 
Wm = W/p^W for all nonnegative integers m. Fix a toroidal compactification of k^{G, X) 
over W. (Recall that k^{G, X) is a smooth integral model for the prime-to-p moduli probleno 
discussed in Section [2.21 ) The theory of p-adic automorphic forms is independent of the choice of 
toroidal compactification. Let H he a lift of a power of the Hasse invariant H to k^. For m a 
positive integer, let 

Mm =K S X-W Wm, 

and let 

Sm — M, 



1 

H 



be the nonvanishing locus of H, i.e. the ordinary locus. Let 

5o = M 



1 

H 



and let 5oo be the formal completion hm^ Sm of 5o along ^i. Note that 5m is independent of the 
choice of H as long as p is nilpotent in Wm for all positive m. 



^Recall from Section r2.2l that kS{G, X) classifies abefian varieties with additional structure, including a prime-to-p 
level structure. 
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For m > 0, let Pm,r be the rank g p-adic etale sheaf 

Pm,r — ^univ [P ] ~ ^univ [p ] /^univ [p ] 

over Sm- We define Tm,r to be the finite etale Sm-scheme 

Tm,r = Isoms^iPm,r, {Ok/p'Ok.T) 



Sm 

representing the functor 

(vr : X -> Sm) ^ I isomorphisms ^ : Pm,r {Ok:/p''Ok.T over x| . 

Details about this scheme are given in |Hid04| and [Hid05| : of particular interest to us will be the 
fact that T^m,r is an affine morphism. Define 

Tm,oo — l,i^ Tm,r 



and 



UlTrr 



'-c»,oo — ^m -Lm.co- 
m 



Note that the formal scheme Too,oo is an etale cover of 5*00 • 
Note that Tm,r classifies quintuples 



where {A, A, l, a^) is the abelian variety with prime-to-p structure corresponding to a point of 
kS{G,X). Note that 

Therefore, the prime-to-p polarization A and the isomorphism 

X[pr^ 4 {Ok/p'-OkT 

induce isomorphisms 

A[pr^A^[pr^f^'r>^, 

which induces an inclusion 

Up : fipr A. 
Let Uj^j. be the pullback of Pm,r to Tm,r, i-e. 
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For r > m, there's a universal isomorphism (i.e. the universal object over Tm,r) 
which induces an isomorphism 

For r > m, the sheaf uimr J^st the pullback of the sheaf of differentials u to Tm,r- Indeed, the 
pullback of LJ to Tm,r is canonically identified with Lie{A^^i^) Wm', the isomorphism with cj^ ^ 
now follows from the canonical isomorphisms 

Lie«„iJ ^W^^ Lie^^i^lpH") ^W^^ Lie(^p.)" ^Wr^ {OK/fOKT ® Ot^^^. 

Note that ui^an induces isomorphisms uf^n ^'^^ ^can of w~ and w"^ with O/Cv 'X' ©T^.r — ^t™, ^ 
and Ok.^ (8> Ot^,,. — Oj;^ ^ , respectively. So for the p-adic situation (in contrast to the situation 
over C), ui^an provides a canonical element of the sheaf £ introduced earlier. 

A p-adic automorphic form of weight p_ (8) p+ is defined to be a global section of (^OJ^ (8) 

(^Too oo) ' '^I^^re the action of Ojc on each copy of (^O^^ S) induced by the action on u/^ (8> 
u/^ (identifying the two sheaves via When we want to eliminate ambiguity about the 

identification, we shall write (^Otoooo) (^Toooo) mean Wca„(w^), respectively. We write 
V{p,Ro) to denote the space of p-adic automorphic forms of weight p over Rq. 

Above, we have used notation similar to that for the Igusa tower in |Hid04j . |Hid05| . and 
|HLS06| . To emphasize the analogy with |Kat78| . we shall sometimes use the notation 

a;(p-adic)^ = cj^ 
OA4(p-adic) = Ot^,^ 
A^(p-adic) = Too.oo- 

We shall denote the space of p-adic automorphic forms of weight p = p^ ® p'^ over a p-adically 
complete and separated O^-algebra Rq by M^"^*^^^. 

5.1 g-expansions of p-adic automorphic forms 

In this section, we discuss q'-expansions of p-adic automorphic forms and the g-expansion principle 
for p-adic automorphic forms. This is also covered in |HLS06) . which cites |Hid04) . 
By extending scalars from (C;c;)(p) Hq^H^q)) to the p-adic completion 



Ro^Ok (C/c)(p) {{q, H^o)) of ^o«)c»k(C'/c)(p) {{q, H^q)), we obtain the Mumford object (MumL(g), A, 
over the p-adic ring Rq®Ok (^A:)(p) iiq^H>o))- (Note that by construction, the isomorphism ui^an 
from the previous section, viewed over Mumi((7) is the same as the isomorphism ujcan in (|4.3p . 

So we obtain a g-expansion homomorphisnQ FJ from the space of p-adic automorphic forms 
with values in an i2o-module X to Rq'S'Ok: i^fc){p) ^>o)) ®Ro 

f^f{ Mumi((?),A 

^ ^-Rocg>OK(OK)(p)((g,^^^o)) / 



can 1 Oican j ^can J 



The notation FJ stands for Fourier-Jacobi. 
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Definition 5.1. When Rq has no p-torsion, we define the space of p-adic automorphic forms defined 
over Rqi^Q to be V{p, Rq) ®Okv 

The g-expansion liomomorphism extends to a g-expansion homomorphism 

FJ' : V{p,Ro) ^ojc. Ro'I^Ok: ((9,^>o)) ^Ro X. 

We now state the g-expansion principle for p-adic automorphic forms. This is the analogue of 
Theorem 1.9.9 of |Kat78j and Corollary 1.9.17 of |Kat78j . 

Theorem 5.2 (Theorem 2.3.3 of |HLS06] . which cites |Hid04j ) . The q-expansion homomorphisms 
have the following properties. 

1. The q-expansion homomorphisms FJ and FJ' are injective, and when Rq has no p-torsion, 
the cokernel of FJ and FJ' has no p-torsion. 

2. FJ'-\Ro<^X) = Vip,Ro). 

5.1.1 Map from automorphic forms over ap-adic ring Rq to p-adic automorphic forms 
over Rq 

Theorem 5.3 (((2.2.7) in |HLS06j 1. analogue of Theorem 1.10.15 of |Kat78j ). The homomorphism 

from the space of weight p level a automorphic forms to the space of weight p level oiP p-adic 
automorphic forms defined by 

f{X, A, L, a) = f{X, A, L, Q, UJcan) 

preserves q-expansions. 

5.2 Probenius and the unit root splitting 

In this section, we give a splitting 

HhR = ui(BU (5.1) 

over Too,oo analogous to the C°°-splitting 

The splitting (|5.ip will be indispensable for the construction of the p-adic differential operators. 

Most of the material in the section is essentially covered in section 1.11 of |Kat78] . with trivial 
generalizations. However, we have provided details not given in |Kat78| . 

Let X be an abelian variety of PEL type over an O^^-algebra R in which p is nilpotent, and 
suppose that each of the geometric fibers of X/R is ordinary. So there is an inclusion 

Op : p^ ^ X. 

Let X denote the formal group of X, and let Hcan be the canonical subgroup of X, i.e. the kernel 
of multiplication of by p in X. Then Hcan = otp (/^p)- 
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Let 



and let 



X' = X/H, 



it:X^X' 



be the projection map. When p = Q m. R, X' = X^'p\ where X^^-* denotes the scheme over R 
obtained from X by extension of scalars Fabs : R ^ R, and tt is the relative Probenius morphism: 




Given a morphism 

ap : /Xpcxj ^ X, 

we define 

a'p : /x^oo ^ X' 

to be the morphism that makes the following diagram commute 

.9 P ^ ..9 



^Hp 



>i?c, 



X ^X' 



Note that a prime-to-]3 level structure induces a prime-to-]3 level structure a^' on X'. We let 

iP' : C»k;(p) £;nc?(^') ® Z^p) 

be the embedding induced by 



,p . 
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As Katz explains in Lemma 1.11.6 of |Kat78| . if {X, A) is in 7oo,r'5 then there is a unique polarization 
A' that reduces mod p to the polarization A^^^ on X^^\ We shall now also use vr to denote the 
morphism 

{X, A, t, a^,ap) I—)- {X' , A', l' , oP\ ol^ 

induced by vr. 

Note that, by construction, vr is compatible with change in base 

Rj-p^R Rlf^-^R 
induced by projection. So the morphisms vr induce a morphism 

^univ/VF ^ <niv/W^ (5.2) 

(where W = Spec-R) over the p-adic ring R. Since this is not explicitly mentioned in [Kat78j and 
could be somewhat confusing to the reader, we note that the map vr in (j5.2p is defined over R, not 
over Too oo, though A^^iiv and A' ■ lie over Too oo- So there is a unique isomorphism 



such that A' ■ is the fiber product 



F ■ T T 



A' ^ A 

^univ ^univ 



T ^ ? T 

-^00,00 ^ J-OOjOO 



We now describe the action of F on g-expansions, which we will use in the proof of Lemma [5.9 
Lemma 5.4. For any q-expansion homomorphism 

/(<?), 



the action of F on f satisfies 



and so, if 



then 



iFf)iq) = f{qn, 



f{q) = [c{h)q^) , 



{Ff){q) = J2 (c(^)'?'') • 
Lemma 5.5. The ahelian variety MumL{qy and the morphism 

vr : Mumiiq) ~^ MumL{q)' 
a priori defined over {Ojc)viQ, L) are in fact defined over Ojciq,L). 
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Proof. Since Mumi(g)' is obtained from MumL{q) by extension of scalars q i— )• (7^, which is defined 
over Ojciq, L), MumL{q) = MumL{q^) is defined over Oic{q, L). It fohows from the definition of vr 
that vr is the map making the following diagram commute (where the vertical maps are projection 
onto the quotient): 



W (g) Grr, — ^ W ( 



W «) Gm W G^/p ■ q{H'^) = W'^ Gm/q{p ■ i/V) 



Remark 5.6. Since tt and MuuiL^q)' are defined over Ojc, we can extend scalars and consider the 
map vr over C. In this case, observe that vr corresponds to the map on lattices 

Pz(.L) Ppz{L), 
I H> pi 



i.e. the map 



C/p,{L)^C/pp,{L) 
X I— )■ px. 



The morphism F corresponds to the morphism 



Tin — "Hn 
z I—)- pz. 



Define Fr to be the morphism 



Fr = 7r*:F*{Hhn)^HhR. 

Note that Fr defines a (F-linear) morphism of Fljjj^. 

The higher dimensional analogue of Lemma (A2.1) in |Kat73bj is the following. 

Lemma 5.7. 

TT* {F*Ul) = pUl. 

As in |Kat78) . we have the following powerful proposition, which is essential in the construction 
of the p-adic differential operators. 

Proposition 5.8. There is a unique splitting 

Hhn =^®U (5.3) 

over Om such that ■k*F* is an isomorphism on U_ when tensored with Q and such that 

v(c/) ^U(g)n 
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The splitting ()5.3p is called the unit root splitting and U the unit root submodule of Hj^j^, as 
in |Kat78j and |Kat73aj . 

|Kat78) notes simply that the version of Proposition 15.81 in [Kat78| (Theorem 1.11.27) is ex- 
plained in |Kat73a] . If Too,oo were affine (which it is not), then all but the uniqueness statement 
would follow immediately from |Kat78| . Since T^o^oo is not affine and since the reader may not see 
immediately why Proposition 15.81 holds in this instance, we explain here. Let {Ui}^ be an affine 
cover of Too,cxd such that each Ui is sufficiently small so that the locally free sheaves Hjjj^, U_, and 
a; are free on Ui. Then by Lemma 4.1 of |Kat73aj . for each i, there is a splitting 

HhR\u.=ui\u.(BU, (5.4) 

such that 

vr* : F*U (5.5) 

is an isomorphism on C/j and such that 

v(t/,)ct/,®a 



If the splittings (j5.4p are unique, then they glue together to give the desired splitting on Too,oo- So 
it suffices to show that the splittings are (|5.4p are unique. Since (15. 5p is an isomorphism and since 
Lemma 15.71 holds, vr* is of the form 

pA 
D 

with A and D g x g matrices with entries in Om with D invertible, with respect to fixed bases for 
a; I (7- and C/j, respectively. Suppose C/^ is another sheaf on Ui such that 

Hhulu. = ui\u, (B U^i 

such that 

TT* : F*U U!i 

is an isomorphism on [/• and such that 

v(c/:)c^^€Da 

Then tt* is of the form 

pA 
D' 

with D' invertible, with respect to fixed bases for u and f/^. Therefore, since p is not invertible in 
i.e. the splitting is unique. 
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5.3 Unit root splitting for the Mumford abelian variety 

In this section, we study the unit root splitting over Mumi(g), which is important in the proof of 
Theorem 19. 3i 

Lemma 5.9. (Analogue of lKat78^ Key Lemma (1.12.7)) Upon extension of scalars to {Oic)v "SDo^ 
i^ic)(p) i{Q,H^o)), ihe elements V{D{-f)){uj{w)) lie inUC H\jj^ for each £ H and w £ (W'^ . 

Proof. By Lemma 15.51 -^i Mumi(g)', and 

TT : MumL(g) — > Mumi(g)' 

are defined over Oic{q,L). By Lemmas 15.71 and 15.81 vr* has the form 

pA 
D' 

with respect to fixed bases for lj and U_ for some g x g matrixes A and D with entries in Om and 
D invertible. So it suffices to show that 

TT* {F* (V p(7)) (cviw)))) = V (i?(7)) Hw)) (5.6) 

for all 7 G -ff and w S (W^ . So it is sufficient to extend scalars to C and check (15. 6p over C. 

In our proof, we shall work with L = O'^, i.e. the cusp at oo, and we note that the proof at 
other cusps is similar. (We choose L = because working in the context of our explicit examples 
over C - which all used this lattice - provides the most insight.) 

Over C, 

H},^ = Rom^{p,{L),C), 

and uj{w) is a C-linear combination of the elements dui. So we are now reduced to proving an 
assertion about maps of lattices. 
By Remark 15.61 

(7r*/)7 = l{pj) 

for each I £ F*H}j^ and 7 G L^. 

By ()3.15p and ()3.16p . V{D{^)){dui) lies in the subspace of Hjjj^ generated by elements of the 
form 

/3j + a^'j (5.7) 

or 



/3j + af3'j (5.8) 

^ ^ j ^ n (in the notation of (|3.15p and (|3.16p ). Therefore, it suffices to show that vr* o F* fixes 
each element of the form (15. 7p and each element of the form (15. 8p . 
By Remark 15.61 and the definition of f3j , we see that 

F* {(3,) : pp,{L) ^ C 



49 



is the Z-linear map defined by 



Similarly, 



is the Z-linear map defined by 



p • Zj I— )• 1 
pzi ^ 0,i^ j 
ei,e^,pz[ I— )■ 0, for all i. 



F* {(3,):pp, (L)^C 



p ■ Zj I 

p- Z-h^ 0,i j 

ei,ei,p ■ Zi ^ 0, for all i. 



So 



7r*F* + c/3j) (/) = F* + (pi) 
= (/3,+c/3^)(0 

for each I G Pz{L) and each c G O^;, in particular for c = a,a. Therefore, 

^*F*V (Z)(7)) {du^) = V (D(7)) (dui) 
for 1 < i < 2n. ■ 

6 C°°-differential operators from the perspective of Shimura 

In this section, we review C°°-differential operators (acting on automorphic forms on unitary 
groups) from the perspective of Shimura, as discussed for example in [ShiOOj. In later sections, 
we reformulate Shimura's differential operators algebreo-geometrically, and then we construct and 
discuss ap-adic analogue of the C°°-differential operators. In Proposition [831 we show that the C°°- 
differential operators we construct algebreo-geometrically in Section [8] are the same as Shimura's 
differential operators that we discuss in this section. 
For a matrix z, we use the notation from |ShiOOj 

'E{z) = {i{-z-'z),i{z* -z)). 

Let T = CJ^, and let T-Ln be the irreducible hermitian symmetric space of non-compact type 
defined by 

-H„ = {z G T\i{z* -z) > 0}. 
Let {ciy} be an M-rational basis of T over C. For u £ T, let Uiy be defined by 
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Similarly, for z G define G C by 



Let (/O, V^) = (p~ (E> p+,V^- (Xi V+) be a finite-dimensional representation of GLn{C) x GLn{C). 
Let e be a positive integer. For finite-dimensional vector spaces X and Y, define Se(Y,X) to be 
the vector space of degree e homogeneous polynomial maps of Y into X, i.e. the space of maps h 
from Y to X such that 

/i(a • y) = a''h{y) 

for each a € C and y G y. We let SeiY) denote 5e(i^, C). From here on, we identify Se{Y^X) with 
Se{Y)®Xwm 

h{u) ® X ^ h{u)x, 

for each function h in Se{Y) = 'S'e(^)C) and x in X. Let M/e(^, ^) denote the vector space of all 
C-multilinear maps 

y X • • • X y ^ X. 



e times 

An element of Mlf>iY,X) is called symmetric if 

5 (2/77(1), • • -,2/71(6)) = 5(2/1, • • • ,2/e) 

for each permutation vr of {1, . . . , e}. As explained in Lemma 12.4 of [ShiOO] . for each h in Se{Y, X), 
there is a unique symmetric element of MlpiY^X) such that 

Kv) = h*{y,...,y) 

for all y in y. We shall associate Se{Y,X) with a subspace of M/e(y, X) in this way. We define a 
representation (r^M^e(^,C)) of GL„(C) x GLn(C) as follows: Given (a, 6) G GL„(C) x GL„(C) 
and /i G Mle{T,C), 

[r'^ia, b)h]{ui, . . . , Ue) = h(^auib, . . . ,* aueb). 

Thus, we obtain a representation iS" r of GLn{C) x GLn^C) on MZe(T, C) (g) X = Mle{T,X) via 

[P ® ^^(5)](/i(^^) «> x) = t"(5)/i 

for each 5 G G-L„(C) x GL„(C), /i G M/e(T,C), and x G X. We also write p O r*" to denote the 
restriction of this representation to Se{T,X). 
For / G C°°('?^„,^), define operators 

C, D : C°°C?^„, V) ^ C°°CH„, 5i(T, y)) (6.1) 

by 

{Df){u) = E-^^' 

{Gf){u) = {T\~)Df){u) = {Df){'iur^), 
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respectively. For e > 1, we write Z)*^/ and C^f to denote D{D^~^f) and C{C'^~^f), respectively. 
The functions D^f and C^f have symmetric elements of Mle(T, V) as their values, which allows 
us - as explained in Section 12.1 of |ShiOO| - to view them as elements of C°° (Tin, Se{T,V)) . 
Therefore, the operators and can be viewed as maps 

In general, the operators and do not map automorphic forms to automorphic forms. 
They are, however useful for constructing a map from the space of automorphic forms of weight p 
to the space of automorphic forms of weight p®T. Define 

{Dpf){u) = p{~)-^D[p{~)f]{u) 

= {p®T) {^r'C[p{r)f] 

and, more generally, 

{Dlf) = {p®T^m-'C^[p{'E)f]. 
The operator satisfies the following properties ( |ShiOO| ): 

D'pifWpa) = {Dtmp^r^a, (6.2) 



for a in G. From (|6.2p . we see that maps automorphic forms of weight p to automorphic forms 
of weight p^t'^. 

Example 6.1. In the case where n = 1 and the representations p under consideration are powers 
of the determinant representation, the operators Dp are the usual weight-raising Maass differential 
operators, as we see in the following example. 

Let n = 1. Then T-Ln is the usual upper half plane in the complex plane 

= V-i = {z = X + iy £ C \ x,y > Qi] , 

and 

T = C. 

We shall choose the element 1 G C as a basis for C. Let p be the representation of GLi(C) x 
GLi(C) = C^ X given by 

(a, 6) ^ {ahf. 

Then for any weight p automorphic form with values in C and u £ C = T, 

(Dpf) {u) = p{2y, 2y)-'^ {p{2y, 2y)f) ■ u 

Note that we may identify the one-dimensional complex vector space Si{T) with C by identifying 
each element h £ Si{T) with h{l). Therefore we may view Dp as the map 

f^{2y)-^'^^-2kiyf. 
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Then Dpf maps C-valued automorphic forms of weight p to C-valued automorphic forms of weight 
p' , where p' is the representation of GLi(C) x GLi(C) = x given by 

{a,b) ^ {ab)^+\ 

Let Z he a GL„.(C) x GL„(C)-stable quotient of Se{T), and let (pz denote the projection of 
Se{T) (g) X onto Z ® X. Then the operator 

= <I^zd; 

is a map from the space of automorphic forms of weight p to the space of automorphic forms of 
weight pi^ Tz, where tz denotes the restriction of r to Z. 

7 Some purely algebraic differential operators 

In this section, we introduce some algebraic differential operators and maps that are key ingredients 
in the construction of the C°°- and the p-adic-differential operators. 

7.1 Some algebraic differential operators 

In this section, we define some purely algebraic differential operators, which will be used to construct 
the p-adic and C°°-differential operators. Let S be an Ojc-scheme. The notation here is the same 
as in Section 13.31 We also assume throughout this section: 

5" — )• is an etale morphism. 

We also try in this section to be consistent with the notation of jKat78j . 
Recall that by ([33]) and ([331), 

ViH^iA/S)) C H^{A/S) (g> Qs/T- (7.1) 

So the Gauss-Manin connection induces a connection (through the product rule (|3.19p and the fact 
that (HH) holds) 

V : T'{H^{A/S)) T'{H^{A/S)) ^ flg/T. 

Let p = p+ (8) P- be a quotient of pf/^ pff^ for some di and d2- Applying the product rule (j3.19p 
again, we get a connection 

V : H}jji{A/SY ® T'{H+{A/S) ® H-{A/S)) H^RiA/Sy «) T'{H+{A/S) ® H-{A/S)) «) Hs/t- 

We define a differential operator 
D'^/s ■■ Va/s Hhn{A/Sr ® T'{H+{A/S) ® H-{A/S)) ^ H},^{A/Sr ® T'+\H+{A/S) ® H-{A/S)) 
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to be the composition of maps: 
Vais ahR^AISy ® T'{H+{AIS) ® H-{A/S)) 



Va/s ® ^S/T 



id®KS 



Vais ® w+ {AIS) ® ujT {AjS) 



D'' 

A/S 



Vais ® H+{A/S)) ® R- {A/S) 



H})r{A/S)p ® T'+\H+{A/S) ® H-{A/S)) 



(7.2) 



Remark 7.1. Observe that we can similarly construct an algebraic differential operator 

D''ais HhR{A/S)P ® Sym'{H+{A/S) ® H~{A/S)) -> H^RiA/SY ® Sym'+\H+ {A/ S) «) H-{A/Sj) 

(essentially by replacing T* with Sym* in the definition of D'^^^). 
In the case where A = A^^i^ and S = AijifJ Rq, we define 



np ._ nP 

^ ■~ ^Auni. /MRg 



We denote by D the morphism 



D : T'{HhR{A/S)) ^ T'+HHhn{A/S)) 



whose restriction to T^(/7^^(^/5)) is D^'' . 

We write (Da/s)'^ (resp. {Da/sY) to denote D'^^g (resp. D'^^^) composed with itself d times. 

Now we give a formula for the action of D in terms of the basis of invariant one- forms Oi, /3i,a[, P'^ 
in H]j^{C°°) over C. So that we can consider all representations of interest simultaneously, we 
consider the representation p as a subrepresentation of the tensor algebra. So we may view in 
terms of the restriction to Hjjj^{C°°) of the morphism D, which is a morphism 

T-iNhniCn) ^ T'+\Hl^{C^)) 

that is homogeneous of degree two in the sense that D maps T"^ {H^^{C°°)) to T'^'^"^ {H'^^{C°°)) . 
The sheaf r(iJ^^(C°°)) is the sheaf 7^ of graded non-commutative C';vi(C°°)-algebras generated 
by the horizontal sections ai, fii,a[, j3[ (defined in Subsection I3.1.ip with no relations other than 
those in the commutative ring Oj\4{C°°)- Lemma 17.21 gives the action of on 7^ explicitly. 
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Lemma 7.2. Viewed as a morphism on TZ, the action of D is defined for all sections f of Oj^iiC"^ 
and nonnegative integers Ki, k'^, Xi, X'^ by 

^1 ( n «r«r'A''/3;'M/ 

\ \l<Z<n / 



n <'"T''l^i'l^''' E ^-(Qr^O, (7.3) 



l<Kn l<i,j<n "^-^ 



<i,j<n 

with Pi and Qj the elements of TZ defined by 

n n 

k=l k=l 

and 

n n 

Qj = + X] ^^jl^^ + aa- + a ^ Zkjl^k- 

k=l k=l 

For all V and w in TZ, 

D{v + w) = D{v) + D{w). (7.4) 

Proof. Equation (I7.4p follows immediately from the definition of D. Since Oj, /3i, q^, are horizon- 
tal, 



Recall from ()3.28p that the injection 



l</<n / / \<l<n i<i,j<n 



n ^ T\HhR) 

defined by the Kodaira-Spencer isomorphism is given by 

dZij I—)- duj^n ^3 dui. 

By (l3TT]l - (f3l^ . we see that in TZ, 

dui = Pi 
duj-\-ji — Qj^ 

for 1 < i, j < n. So now the lemma follows from the definition of D. 
Note that since 

restriction of Dp to {H^ Y^ gives maps 

So through the product rule, D induces morphisms 
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7.2 Some algebraically defined maps on automorphic forms 

The maps defined in tliis section will be used in the proofs of Theorems 18.21 and 19.21 algebraicity 
theorems about the differential operators defined in Sections 18.11 and 19.11 Our construction is 
completely analogous to the one in |Kat78j . and we follow |Kat78j closely. Our construction here 
is a general vector-valued construction that generalizes the scalar-valued one in [Kat78j to our 
higher-dimensional setting. 

We work over an O/^-algebra Rq. Let R be an i?o-algebra, and let x be an i?- valued point of 
the moduli scheme over Rq, corresponding to a morphism 

Spec(i?) ^ M 

over Rq. Let X denote the associated abelian variety X with the associated PEL structure. Let A 
be an element of £x/r- 

Suppose that we are given an i?-sub-module 

Split(X/i?) 

in Hj-,j^{X/R) such that the natural map (induced by the inclusions) 

cJx/R e SplitiX/R)^Hh^iX/R) (7.5) 
is an isomorphism and such that 

H},j,{x/R)^ c n^^^ e spiit(x/i?). 

(For example, when R = C and we work in the C°°-category, the Hodge decomposition gives us a 
splitting in which we can take Split(X/i?) to be the sheaf of anti-holomorphic one-forms.) 
As earlier, we let Mp(Q)(i?o) denote the space of automorphic forms over Rq of weight 

(p = p- p+,V = v- (^V+) 

and level a. Let e and d be positive integers. In this section, we define an i?o-linear map 

d{p, e, X, A, Split (X/i?), d) : Mp^^^e (Rq) ^ y- ^ y+ ^ (i?« ® j^n^^e+d^ 

We identify each automorphic form / in 'M.p^r'^iRo) with the corresponding global section of 
(w" ^uy^)P (il^^j:j^), as in Section [230 The canonical inclusion 

^(X/i?)± ^ HhniX/R)^ 
and the Kodaira-Spencer map ()3.37p induce inclusions 

(^x/R ^ ^x/R^ ® (^^%o) ^ (^dr' ^ hU^Y-^'^ ® {H\>R^ ® HhR-r. (7.6) 

Associate / with its image in {Hjjj^ ^ ^^rY ® i-^DR^ ^ ^dr )'^^ inclusion (17. 6|) . Then 

for each integer d, {DpYU) is a global section of {HI^r" H]^j^~)p Cd {H^^r^ <S) H]^j{')®^+'^ . Thus, 



^Recall that we write (a;" ® 0;+)''-®''+ to mean (uT)''- ® {ui^'>''+ 
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The choice of A gives isomorphisms 



■ ^x/R ^ 



which induce isomorphisms 

The splitting (j7.5p gives projections 

HhniX/R)^ ^ (7.7) 

which induce projections 

{uj^ e Spht(x/ii))''± ^ (wj/ij)"*- 

The projection (j7.7p also induces a projection 
and a projection 

(..^/^ © spiit(x/ii))^- ® (0.+/^ © spiit(x/ii))^+ ^ (^x/i?)"' ® K//?)'^- 

We now define the i?o-fiiiear map 

d{p, e, X, X, Split(X/i?), d) : Mpf^r- (Rq) ^ © y+ © (i?" © 7?")®^+'^, 

as follows. We define d{p, e, x, X, Split (X/i?), to be the image of {DP^®P'f{f) G {H}j^'^)P*®pit 
{Hjyj^ )P ®p!>t under the composition of morphisms given by the diagonal map in the commutative 
diagram (|7.8p : 

(^fifl^)"^®"- ® (^Dfl")""^"- ^ (^x/fl, ® Split(X/i?))P-®P- ® (0.+/^ ® Split(X/i?,))''+®P- 



mod Split(X/_R) 



(7.8) 

For each i?-submodule Z that is a GL„(i?)©GL„(ii)-stable quotient of (a;^/j^)^"®''^*©(^J^/j^)^^®''^S 

define to be the projection of (a;^/^)^"®^»* © (w+/^)^^®^'t onto Z. Identify Z with X{Z). Then 
we define 

d{p, e, X, A, Split (X/i?), d)^ = 0z o <9(p, e, x, A, Split (X/i?) , d) . 
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8 The C°°-difFerential operators 

8.1 Construction of the differential operators 

First we construct the C°° differential operators. Later, we will define p-adic differential operators 
through a similar construction. 
Let 

HlniC^) = uiiC^) e Split(C°°) (8.1) 

be the canonical splitting of the Hodge filtration corresponding to the holomorphic and anti- 
holomorphic one-forms. Here, Split(C°°) is the sheaf a;(C°°) of anti-holomorphic one forms. Note 
that for each derivation D G Der{0^ , O^), 

V{D){ui{C°^)) c w(C~). 

Since 

HlniC^t Q w(C°°)± e Split(C~), 
the splitting (j8.ip induces projections 

which induces a projection 

HhdC^Y ® T'(/7i/(C°°) HjjR'iC^)) ^ ui{C°°Y T'{ui+{C°°) uTiC^)) (8.2) 

^ui{c'^y(^T'{n{c°°)). 

As usual, we associate uf^ with its image in [Hj^j^]^ under the inclusion coming from hyperco- 
homology 

ui^HhR. (8.3) 
As in ()7.6p . the inclusion (18. 3p and the Kodaira-Spencer isomorphism (I3.37P induce inclusions 

{ury- (u+y^ ^ {HhRY-^'^ ® {HhR ® HhR"-). (8.4) 

Restricting to the image of (j8.4p . we get a map 

We define the C°°-differential operator d{p,C°°,d) to be the map 

d{p,C°°,d) : {ury- ® (a;+)^+ (0(C°°)^') ^ {ury- ® {uj_+)p+ ® (Q(C°°))®'+'^) 
that is the composition of maps in the following commutative diagram: 
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(a;-)"- (g) (w+)P+(C°°) (g) (17(C°°)®') 



mod Split(C°°) 



9(p,C°°,d)--... 



(a;-)''- ® (a;+)''+(C°°)(g)(a;+®w-)®' 



(w-)^- (E) (w+)P+(C°°) (g) (r2(c°")) 



Remark 8.1. For the reader who worries that defining the differential operators on (cd^)^^ <^ (kl^)^'*' 
(instead of £v,p) is too ad hoc or non-canonical, we note that the differential operators can equiva- 
lently be defined as morphisms from Sy^p to £v,{p+®pst)0{p-®pst)- Indeed, the composition of maps 



£v,p ■ 



{V_igiC")®(V+igiC"),(p_(8pst)®(p+®P+) 



tirt(A,A"l(j))) 



gives an equivalent expression of our differential operator as an operator from £v,p to £(v^{R")0{R")),{p+^pst 
Let Z he a GLn{C) x G-Ln(C)-stable quotient of 

and let 4>z be the projection of {uTY' (w+)^+(C°°) (g) {^A^,,i,/MiC°°))'^'^ onto Z. We define the 
differential operator d{p, C°°, 1)^ by 



(t>zod{p,c'^,d). 



8.2 Algebraicity theorem for C°°-differential operators 

The following algebraicity theorems (Theorems 18.21 and 18. 3p are important for our intended ap- 
plications. The statement of Theorem 18.21 and the idea of the proof are essentially the same as 
what is done in Section 2.4 of |Kat78j : the new parts are our generalizations from Katz's special 
scalar- valued case to the arbitrary (often vector- valued) case and to the case of projection onto 
subrepresentations. 

Throughout this section, fix an ©^(c-algebra R with an inclusion 

lr: R^C. 

In the special case R = Q, the statement of Theorem 18.21 is essentially the same as Theorem 
14.9 (2) of [ShiOOj . However, the methods or the proof of Theorem 18.21 are different from the proof 
in |ShiOO| : the proof we present is similar to what is done in Section 2.4 of [Kat78] . 
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We associate each automorphic form / in 'M.p^T-^{R) with its image in Mp,g,T-e (C) via the ex- 
tension of scalars induced by iji. We also associate each automorphic form in Mp^T-e(C) with the 
corresponding holomorphic section of (0;+)''+ (C°°) (g) il(C°°)®'^ on M-{C°°). 

Let a; = X be an i?-valued point of M.r, and let A be an element of £x/r- Suppose there is a 
splitting over R 

Split(X/i?) ea;;,/^ ^ HhniX/R). 

Then we have an inclusion 

Split(X/i?) ^ H^{Xl^,C) (8.5) 

coming from the composition of maps 

1. /^^i-r^\r ext. of scalars via tH „ jE3®Id 1 ^ 

Split(X/i?)C it Split(X/i?) ® C=U- Hl,^{X/R) ® C 



We say that the the pair (x, Split(X/i?)) satisfies the condition (t)if the following holds: 



The image of Split (X/i?) under the inclusion (|8.5p is the antiholomorphic subspace 

i.e. Split(X/ii) C = Split(C°°)(xc). (t) 

Note that this condition is essentially the same as condition (2.4.2) in |Kat78] . 

For our intended applications, the only points that will interest us are certain ordinary CM 
points. We shall see later that for each such ordinary CM point, there is indeed a splitting satisfying 
condition (f). 

Note that in general, we only know that the values of d{p,C°° ,d){f) at points (x,A) lie in 
a C-vector space. (This is because even if / G Mp(i?), we only know that d{p,C°° , d){f) is a 
C°°-function and nothing about where its values at arbitrary points lie.) We see in theorem 18. 2^ 
however, that we can say much more about the values of d{p, C°° , d){f) at points satisfying (f). 

Theorem 8.2. Suppose that (x, Split(X/i?)) is an R-valued point of Mr that satisfies condition 
(t). Let f be an automorphic form in Mp,g,^e (i?) with values in an R-module V. Then 

(dip, C°°,d)f)ix, A)c = iRidip, e, X, A, Split(X/i?), d)f). (8.6) 

Therefore, 

{d{p, C^, d)f ){x, A)c eV^R {R^ R^f . 
The proof we provide is similar to Katz's proof of Theorem 2.4.5 in |Kat78| . 
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Proof. As it was defined in Section [7^21 Lji{d{p, e, x, X,Split{X/ R) , d) f) lies in 

So to prove the theorem, it suffices to prove that Equation (j8.6p holds. 

By the extension of scalars from i? to C given by lr, we associate the automorphic form / 
with its image fc in Mp0T-e(C), the i?- valued point x with i?-basis A with x with basis Ac, and 
Split(X/i?) with its image in Split(X/i?) (g) C. Then, we see that 

LR{d{p, e, xc, Ac, Split(X/i2)c, d)fc) = iR{d{p, e, x, A, Split(X/i2), d)f) 

is V ®R (i?"" ® i?")® '^-valued. So it suffices to show that Equation ()8.6p holds in the case R = C, 
which we will now do. 

Consider the following commutative diagram (18. 7p . (Note that commutativity in ()8.7p follows 
from the hypothesis that (x, Split(X/i?)) satisfies condition (f).) 



mod Split{C°°) 



(8.7) 



akc fiber at 



{uT)"- ® (0;+)"+ (C°°) ® ® a;-(C°°)) 



take fiber atTs- 



mod Split{X/fl) 



i{oj+ ®w-){X/R)Y ® {{oj- ®oj+){X/R)y 



ie+d 



^ from choice of \ 



{V(g)R C) ®c (C"®C")®'' 

As usual, we associate / with its image in {Hjjj^)f (8> {H~^ (8) H~)'^^. Then 
e, X, A, Split(X/i?), is obtained by applying {D'^Y to / and composing with the maps 

along the right side of the commutative diagram (|8.7p . Similarly, {d{p,C^ ,d)f){x) is obtained by 
applying [D^Y to / and composing with the maps along the left side of the commutative diagram 
(j8.7p . Therefore, (|8.6p holds for all x admitting a splitting satisfying (f). ■ 



We also obtain the following generalization of Theorem 18. 2t 

Theorem 8.3. Suppose that (x, Split(X/i?)) is an R-valued point of Mr that satisfies condition 
(t). Let f he an automorphic form in Mp,g,T-e(i?). Let Z he a GLn{R) x GLn{R)-stahle R-quotient 
ofu/R®{^A^^,JMn)'^'^' anrf let <j)z he the projection of ui{C'^)P ® {Vl ^^^^ / j^{C°°)y+'^ onto Z®rC. 
Let Zx he the fiher of Z at x. Then 

{d{p, C°^,dff){{X, A, L, a),\)c = iR{d{p, e, x, A, Sp\it{X/R), df-f). 

Therefore, 

{d{p,C^,dff){x,X)c 
actually takes values in the R-module X{Z). 
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Proof. The proof is similar to the proof of Theorem 18.21 except that we replace the commutative 
diagram 18.71 with the commutative diagram 



mod Split{C°°) 



kc fiber at 



cxD \ \ (g)e + cZ 



{HhR{X/R)Y ® {{H+ ® H-){X/R))' 



mod Split(X/Jl) 



take fiber aT^- 



^ from choice of a 



Now, the proof goes in the same way as the proof of Theorem [ 
Note that similarly to in Remark 18. H restriction to Z yields a canonical map 

£v,p — ^ £z- 

8.3 Some properties of the C°°-differential operators 

In this section, we give some fundamental properties of the C°°-differential operators d{p,C°°,d). 
We denote by {d{p,C°°, 1))'^ the composition of d{p,C°°,d) with itself d times. 

Theorem 8.4. The differential operators satisfy the following properties. 

1. 

d{p,C'^,d) = {d{p,C'^,l)Y (8.9) 

for each positive integer d. 



2. Associating the space of automorphic forms of weight p with {to^Y^ {^Y^ 
Q,{C°°)®^ via the natural isomorphism induced by the Kodiara- Spencer isomorphism, 
that d{p,C°°,d) is the same as d{p^ ,C°°,d), i.e. 



d{p, C°° , d) I ^P- ^(^+)P+ {c°°)®!^A^„i^/Ai (C°°)®<= 



d{p®Tf,c°° 



(C~) «) 
we have 



^.10) 
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for all non-negative integers / < e. 

3. 

d{p tE) t'^'\ C°°, 1) o . . . o d{p r, C°°, 1) o d{p, C°°, 1) = d{p, C°°,d) (8.11) 
for all positive integers d >2. 
Proof. Recall that Split(C°°) is horizontal with respect to V, in the sense that 

v(Spiit(c-)) c spiit(c-) ® n^^^,jMicn- 

So from the definition of D^, we see that 

Z?^ (Split (C°°)) C Split (C°°), 
and hence, for all positive integers d, 

(L>'')^(Split(C~)) C Split(C°°). 

So 

(D0'^°(" mod Split(C7~)") = (D''o (" mod Split(C°°)"))"', 

where {DPo{'' mod Split(C°°)"))°' denotes L>Po(" mod Split(C°°)") composed with itself d times. 
Therefore, it follows directly from the definition of d{p,C°^ ,d) that 

5(p,C-,d) = (5(p,C-,l))'^. 

So holds. 

Equation (jS.lOp follows directly from the definition of r, our earlier explicit description of the 
Kodaira-Spencer isomorphism, and the definition of the map d{p, C°° , d) for any representation p. 

Now we prove that (jS.lip holds. Note that for any p, 9(p, C°°,l) has image in a;(C°°)'' (8> 
^oo ^ fl^e^fjooy ^ ^ corollary of ^ and (f8TI)]l . ■ 

8.4 Explicit formulas for the C°°-differential operators 

In this section, we present explicit formulas for the C°°-differential operators and compare them 
to the formulas in [ShiOOj . The reader familiar with |BSY92j . which handles the symplectic case, 
can compare our formulas with |BSY92] to see that we have constructed essentially the same C°°- 
operators that [ BSY92] defines combinatorially. The form in which we have chosen to write our 
formulas should help the reader see the connection between our operators and the ones in |BSY92] . 
In particular, the reader may wish to compare our formulas with Formula (2.1) of |BSY92] . 

Recall that a holomorphic (resp. C°°) automorphic form of weight {p, V) = {p- ® V- ® Vj^) 
and level F C Gf/(r/ n) may be viewed as a holomorphic (resp. C°°) function 

f -.Un^V = V^®V+ 

(where V± are complex vector spaces) that satisfies 

f{{AT + B){Ct + D)-^) = p{Ct + D)f{T) (8.12) 
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for all 

Let Dp be Shimura's differential operator discussed in the introduction (cf. section 12.1 of 
|SliiOO| ). In Proposition 18.51 we will show that our C°°-differential operator d{p, C°°,d) is the same 
as Shimura's C°°-differential operator D^. 

Proposition 8.5. Let f : Tin ^ V = V- V+ be a -function. Let \e£. Then 

a(p,C°°,l)(A(/)) = A(i?,/). (8.13) 
(In Equation (I8.13j) . A refers to the induced map from V± to o;^"^.) 
Proof. Define 

for each tuple \± . Writing / in terms of the basis for , we have 

/ = E h-MKvl_®vt;)^ (8-14) 

for some C°° complex valued functions /a_,a+- The sum in Equation (|8.14|) is, as usual, over all 
tuples \± so that is in V^. Note that 



9(p,C7-,l)(A(/(z))) =9(p,C-,l) 1^ h-MK^l_®vl^)^ (8.15) 
= 5(p,C7°°,l) I h-M^du- -du-)x_®{du+ -du+)x+ I . (8.16) 



, A_,A4 



We get from (I8.15P to (I8.16P by recalling that d{p,C'^ ,\){ui) = 0, since w is holomorphically 
horizontal with respect to V. 

Applying Equations p.l7p and ()3.18p to Equation ()8.16p . we see that 

d{p,C^,l){\{f{z))) 

= d{p,C^,l) (p(H(z)) I /A_,A^.(/3 + a/3)A_€D(/3 + a/3)> 

Now recall that the sections f3i+af3i and /3j+a/3j are horizontal for the Gauss-Manin connection. 
So their image under c?(p, C°°, 1) is zero. 
Therefore 

9(p,C°°,l)(A(/(z))) = i? L(S(z)) f Yl /A_,A+(/3 + a/3)A_ ®(/3 + «/3)aJ j mod Split(C°°), 
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where D is the map (j6.ip . Applying p.l7p and (|3.18p again, we obtain 



a(p,c°°,i)(A(/(z))) 

= p-\E{z))D I p{E{z)) I ^ fx^,xAdu' - du-)x_ ® {du+ - du+)x^ | | mod Split(C°°) 



p-\E{z))DipiEiz))\if)). 



Let Z he a GL„(C) x GL„(C)-stable quotient of 
and let 

Let (pz denote projection onto Z. 

Recall that Shimura defines a differential operator Dp (see e.g. [ShiOO] ) by 

Df = ct^zD''. 

So as a corollary of Proposition 18. 5^ we obtain the following 
Corollary 8.6. 

Df = d{p,C^,lf. 
Prom the proof of the above propositions, we see that 

Image(9(p, C°°, d)) C (a;")"- ® {u+)p+ ® Syni''(17(C°°)) C {uTy- ® (0;+)"+ ® f7(C°°)®^ (8.17) 

where we associate Sym'^(0(C°°)) with its image in r2(C°°)®'^ as in (jl.2p . Note that we could 
have defined another C°°-differential operators with similar properties to those of d{p,C°° ,d), 
by replacing with in the construction of d{p,C°^ ,d). By (jS.lZp . we see that in fact, the 
differential operators constructed from D'' are the same differential operators as d{p,C°°,d). 

We have seen above that our C°°-differential operators are the same as the C°°-differential 
operators Shimura defines in [ShiOO] . Por our later applications, as well as a reference for the 
reader who wishes to apply the differential operators, we now provide explicit formulas for the 
action of some of the differential operators. 

Lemma 8.7. Let 

l<A„,A+<n 
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be an automorphic form of weight pst ® Pst, viewed as an element of u ^ uf^ . Then 

I du^ \ / duf 



d{p,c^,i){f)= 



l<A+<r 



m: 



l<X-<n 



.18) 



\ du+ 



where Mf^ is the row vector ( dependent only on f) defined by 



Proof. Note that 



1 



(4fl,A±, 4f2,A±, • • • , d/n,A±) + (/l,A±, • • • , /n,A±) • {dz ) (H ) 



d{p,C^,l){f) = Yl ^iP^C^^^) (fx^Mdul_^dnl^ 



l<A„,A+<n 



We have that 

d{p, C°°, 1) (^fx_,x+du^_ = ^dfx_,x+du-_ (g> du^^ + du^_ (g> ^dfdu+ 

+fd{p, C°°, l){du-) ^ du^ + du- CS> fd{p, C°°, l){du^ 



So now it suffices to recall d{p,C°^, l){dux^); applying (j3.17p and (j3.18p . we obtain (jS.lSp . 
One can alternatively derive the formula from Proposition 18. 5[ 



Similarly, we can provide formulae for d{p,C°°, 1) for representations other than pst- For now, 
we conclude with the formulas for p = Sym™~ CE) Sym'"+ and p = det'"^ <^ det™+ . 
Using the above discussion, we see that if 

/ = /(^Ir)"~ ® (A"dn+)™+ (8.19) 

is an automorphic form of weight p = p- <E> p+ with p± = det™* , then 

d{p, C°°, 1)(/) =df+ (m+ • det(H+)~i • {dz)+ + • det{E-)-\dz)-) f 

In the following lemma, denotes as usual an n-tuple of positive integers {Xf, . . . , A^). 

We have chosen these particular forms ( (j8.20p and (|8.19p ) in which to express the action of 
d{p,C°°, 1) for the determinant and symmetric representations because it helps illustrate the con- 
nection with Formula (2.1) for the operators on Siegel modular forms defined in |BSY92] . 

Lemma 8.8. Let f = be an automorphic form of weight p = p~ ® p'^ , with 

p^ = Sym'^^ 

for some integers m±. Viewing f as an element "^-^ \^ fx^,x+{du~)^~ (^{du^)^+ of Sym"^~ {lo~)0 
Sym"^+ (of^), we have the following equality 



, A_,A4 



/ du^ 



{du+Y+ + Y{du-y 



/ dul 
\ du^ 



i.20) 



i.21) 
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where M'^^ is the row vector (dependent only on f) defined by 



, A:p j^l \^ j=in j 

One sees that in the case m_ = m+ = 1, Lemma 18.81 speciahzes to Lemma 18.71 
Proof. The lemma follows by expressing the action of d{p, C°° , 1) as follows. 

A_,A+ A_,A+ 

Now, 

d{p, C°°, 1) (^{du-)^- ((in+)^+) 

= 9(p,C°°,l) ((du-)^-) + (du-)^- ®a(p,C~,l) , 

and 

d{p, 1) = dip, C^, 1) (^dn±"^ . • • duf"^ 

n 

= J2{d{p,C-,l) {{duf)'^))-lld-f'- 

i=l j^i 

Note that 

dip, 1) (^duf^^ = Xf [duf)'t'^ . idip, C^, 1) iduf)) . 

So applying (j3.17p and (j3.18p and putting the above equations together, we obtain Equation (|8.20p . 
■ 

The above formulas for the action of dip, C°°, 1) allow one to write down formulas for the action 
of dip,C°^,d) for d>l. 

One can also similarly work out formulas for other representations, but the main ones of interest 
to us for our intended applications are powers of the determinant and symmetric product, which 
we just finished describing. 



9 The p-adic differential operators 

In this section, we construct p-adic differential operators that act on p-adic automorphic forms, 
and we discuss basic properties of these operators. We follow the arguments from [Kat78i closely. 
Rather than the notation from |Kat78j . however, we use the notation from |HLS06j and |Hid04| . 
since this is what we will use in our applications. 

Throughout this section, let R be an Ox;-algebra that is separated for the p-adic topology, and 
let Rq be the p-adic completion of R. 
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9.1 Analogue of the differential operators d{p,C°°,d) 
We define p-adic differential operators 

d{p,p-adic,d) : {uTy- (p-adic) (w")''" {uy^y+ {p-a.dic) il(p-adic) 

in the same way as the C°°-differential operators d{p,C°° ,d), except that we replace Split (C°°) 
and n{C°°) with Split(p-adic) and r2(|?-adic), respectively. Replacing all occurrences of C°° with 
p-adic in the proof of Theorem 18.41 we see that all the properties of the C°°-operators given in 
Theorem 18.41 also hold for the p-adic operators: 

Theorem 9.1. The p-adic differential operators satisfy the following properties. 
1. 

d{p,p-adic,d) = {d{p, p-adic, 1))'^ 

for each positive integer d. 
2. Associating the space of p-adic automorphic forms of weight p^r^ with 

ijl{p-adicY (S" ^{p-adic)®^ 

via the natural isomorphism induced by the Kodiara- Spencer isomorphism, we have that 
d{p, p-adic, d) is the same as d{p t-I" , p-adic, d), i.e. 

d{p, p-adic, f^)L(p-arfic)''(g)!^Au„i^/A<(p-«c^«c)®'= 

= d{p Tf,p-adic, d\^p_adic)mA^^,jM{p-adicr^ (9-1) 
for all non-negative integers f < e. 

3. 

d{p ® t'^~^ , p-adic, 1) o • • • o d{p t, p-adic, 1) o d{p, p-adic, 1) = d{p, p-adic, d) (9.2) 
for all positive integers d >2. 

One can construct operators d{p, p-adic, d)^ similarly to how one constructs the operators 
d{p,C°°, 1)^. The operators d{p,p-a.dic,d)^ have properties similar to those of d{p,C°°, 1)^. 

9.2 p-adic arithmeticity result 

In this section, following [Kat78j . we give a p-adic analogue of the algebraicity theorem 18.21 

Let X = X be an i?-valued point of Mr with an element A of £x/R- Suppose there is a splitting 
over R 

SplitiX/R)®u;x/j, ^ HhR{X/R). 

Then we have an inclusion 

Split(X/i?) ^ H})ji{p-adic){X/Ro) (9.3) 
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coming from the composition of maps 

r, T, / ; T-.\r ext. of scalars via /?^/?o r, i-,/-<^/t-,n Jli3J®Id ^i /^^,„x „ 
Split(X/ii)C Split(X/i?) (g) i^o ^^ H\)j^{X/R) (^R Ro 

Hl^{p-B.dK){X/R^) 

We introduce a p-adic analogue of the condition (f). We say that the the pair (x, Split (X/i?)) 
satisfies the condition (t)if the following holds: 

The image of Split (X/i?) under the inclusion (j9.3p is the unit root subspace 

U{X/R^) C i7l,^(p-adic)(X/iio), 
i.e. Split(X/i?) ®Rq = U{X/Ro). (J) 

Let / be an automorphic form of weight p over R, and associate it with a corresponding element 
of w^. Then by the extension of scalars R ^ Rq, we can view / as a section /(p-adic) of a;(p-adic)''. 
We now give a p-adic analogue of the algebraicity theorem 18.21 

Theorem 9.2. Suppose that (x , Split{X / R)) is an R-valued point of Mr that satisfies condition 
(J), and let A be an element of S^/R- Let f he an automorphic form in Mp0T-e(i?) with values in 
the R-module V . Then 

{d{p,p-adic,d)fip-adic)){x,X)Rg = iR{d{p,e,x, X,Split{X/R),d)f). 

Therefore, 

{d{p,p-adic, d)f{p-adic)){x, A)i?o 

lies in the R-module V {R"" i?")®'^. 

We note that the only points that matter in our intended applications are certain ordinary CM 
points. We shall see soon that for each such ordinary CM point there is a splitting that satisfies 
condition (f). 

The proof of Theorem 19.21 is similar to the proof of Theorem 18.21 it is obtained by replacing 
"C°°" with "p-adic." 

We obtain a similar arithmeticity result for the operators d{p,p-adic, d)^ . 

9.3 Differential operators on p-adic automorphic forms 

In this section, we construct a morphism 9 that acts on the space of p-adic automorphic forms. 
The operator is a vector- valued analogue of Ramanujan s operator 

Recall that p-adic automorphic forms are actually certain sections of modules of the form 
^Too oo ^ with {p,V) a representation of GLn x GL„. Thus, all p-adic automorphic forms 
appear as certain sections of the tensor product of total tensor algebras 

r(oj )0T{or^ ), 

^ -'■CXD,CXD'' ^ -'-00,00-''^ 
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which we associate with the tensor product of the free algebras on n letters 

9^ = Ot^.oo '^R R{Ti,..., Tn) ®R R{Tu..., Tn), 

via 

Ci^ej h^Ti(g)Tj, (9.4) 
where denotes the i-th standard basis element of . This viewpoint allows us to consider 

oo ,00 

p-adic automorphic forms as subsections of the algebra IH. In the p-adic modular forms case, this 
algebra is simply the ring of p-adic modular forms. 

We use this viewpoint in this section, not only because it conveniently allows us to consider 
modular forms of all different weights at once, but also because this viewpoint is important for 
applications involving construction of families of p-adic automorphic forms of different weights. 

While not in general a derivation of over R, the morphism 9 that we construct later in this 
section extends to an /^-derivation of the commutative subalgebra 

Ot^,oo R[Ti,..., Tn] ^R[Ti,... r„]. 
Note that composition of the canonical isomorphism 

^an ■■ 0^,00 ® ^Too.oo ^ ur{p-adic)^u^{p-adK) 
with (|9.4p induces an isomorphism 

^^T{ur (p-adic)) T (a;+ (j5-adic)) , (9.5) 

which we shall also denote by ui^an ■ 

Before further discussing the map 9, we must recall some facts from Section [J] on the algebraic 
theory of g-expansions. Recall the canonical isomorphism 

over the Mumford object MumL{q) at a cusp H. We associate W'"^ with W, through the canonical 
identification 

W' ^ W"^. 

Recall also the Kodaira-Spencer isomorphism 

W ®o„ W (0^)(p) ((g, i/^o)) ^H®^ (Oc)(p) ((g, Hi,)). 

We shall identify (Oic)(p) ((9,^^>o)) with its image in {Ok.)1 00^ {Ojc)(j,) Hq^HIq)) via the 

inclusion 

H0Z (Oc)(p) {{q,Hl,)) ^ {Ok.)1 (0^)(p) {{q,Hl,)) 
h® h® a. 

Recall from Section H] that over the Mumford object at the cusp H at 00, 

uj+{ei)®uo-{ej) = KS{D (e^)) , 

where ei denotes the i-th standard basis vector oiW = and eij is the element of (Oyc)" with a 
1 in the i-th row of the j-th column and zeroes everywhere else. 

We are now in a position to define the map 9 and state some of its fundamental properties. 
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Theorem 9.3. There exists a morphism 9ofy{ such that the following hold: 
1. The diagram 



d{p,p-adic,i) 



T{ui{p-adic) ) €5 T{ui{p-adic)~^) 



with c{h) G R{Ti, . 



,Tn) 



T{ui{p-adic)^) ® T{ui{p-adic)^) — 
commutes. 

2. The morphism 9 is "homogeneous of degree 1®!", in the sense that if xi and X2 are homoge- 
neous elements of Ot^^ (^r R{Ti, . . . ,Tn) of degrees di and d2, respectively, then 9{xi® X2) 
is homogeneous of degree {di + 1) ® (^2 + !)■ 

3. On the commutative subalgebra Ot^^^[Ti, . . . ,Tn] '^Otoooo ^^00,00 [^i; • • • j ^n] of D\, 9 is a 
derivation. 

4. If f is a p-adic automorphic form with q-expansion at the cusp at infinity (L, H) given by 

f(q) = (^(^)'?') ' 

R{Ti, ... ,Tn), then 

E {dih)q')^ (9-6) 

where 

d{h) = Yhijc{h) ■ (Tj(E)Ti). 

id 

Proof. We define the morphism 9 by 

& = ^can ° d{p, p-adic, 1) o UJ^^^. 

Recall that for any positive integers d and e, d{p, p-adic, 1) maps each element of T'^(a; (p-adic) ~) (8> 
T'^(u; (p-adic)^) to an element of T'^+^(a; (p-adic) ~) ^ T'^~^^{ui{p-adic)~^). So 9 maps homogenous 
elements of degree d iX" e in to homogeneous elements of degree (d + 1) (8) (e + 1) in ^H. It follows 
from the definition of d{p, p-adic, 1) that is a i?-derivation of the commutative subalgebra 

Ot^,oo R[Ti,..., Tn] R[Ti, ...Tn] 

Now, we will examine the action of 9 over the Mumford object MumL(q). By Lemma 15.91 
the elements V{D{'y)){(jj{w)) lie in [/ C Hj-,j^ for each £ H and w £ W. Since V{D('y)) is an 
i?-derivation and U_ an i?- module, we in fact have that 



V(I)(7))(u;±(u;)) €U 



(9.7) 
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for each w E W. Since V is defined through the chain rule and since d{p,p-a,dic, 1) is defined by 

d{p,p-adic, 1) = V mod Spht(p-adic), 

we have that 

d{p,p-adic, 1) [u^ (ejj • • • (ej, )) = 
for each positive integer r and 1 < ii, . . . ,ir < n. Let / be a section of Ot^^. Then 

9(p,p-adic, 1) (/ • uj^ (ejj ® ■ ■ ■ ® uj^ (cij) = uj^ (ejj ® ■ ■ ■ ® uj^ (eij • Df. 
Suppose the value of / at Mum2,(g) is 

/((?) = /(Mumi(g)) = «(^)«''- 

For the standard basis elements eti G H, 

{D{eki)){f{q))= Yl <h)-iT{ekih)q^ 

Y a{h)hikq^. 

So over the Mumford object, we have 

V {D {eu)) (fiq) ■ {oJ^ (e,J ® ■ ■ ■ (g> lo^ (e,J)) 

= D {eki) (/(g)) • {u;^ (e,J ® • • • ® cj± (e,J) • if5(i?(efc/) mod Split(p-adic) 
— a{h)hikq^ ■ u'^ {ck) ® uj^ {ei) mod Split (p-adic). 



Therefore, 



so 



Vf{q)= ^ ^ a{h)hikq^'' ■ uj^ {ck) ® oj^ {ei) mod Split (p-adic), 

h={hij)(^H'^g l<l,k,<n 



a(p,p-adic, l)/(g) = ^ ^ a(/i)/i;fcg'' • w=^(efc) Oa;=^(ez). 

h={hij)£HY.^ l<l,k,<n 



Thus, 9 acts on g-expansions of automorphic forms as in Equation (j9.6p . ■ 

Remark 9.4. The operators ^ can be thought of as a vector-valued generalization of Ramanujan's 
operator 9 = q-^ and Katz's analogous operator for Hilbert modular forms in [Kat78j . Indeed, in 
the one- variable situation, our operator takes the form 9 = q-^ (or, more precisely, Tfq-^). 

Remark 9.5. The proof of Theorem 19.31 shows that in the case of [7(1, 1), the morphism 9 can be 
viewed as a derivation 

J- oo ,oo J- oo ,oo 
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Definition 9.6. For each subrepresentation Z of p0 t'^ we also define an operator 
by 

From the definition of 6, we see that 

6*^ = w^an o d{p,p-adic, d)^ o uj^^. 

We note that, in practice, the above discussion of can often be simplified according to the prop- 
erties of the particular representation with which one works. For example, in our intended applica- 
tions, we will only be interested in representations of the form p_ ® /?_|_ with p± = det'^='= ^Sym}^. 
In this case, we will be able to restrict our discussion to the commutative subalgebra 

Ot^,^ ®r R[Ti,..., Tn] R[Ti,..., r„] 

of on which 9 will be a derivation. 

Now we compare the values of 9 to the values of d{p,p-adic, d). 

Lemma 9.7. Let A be an R-valued point of M{p-adic) that satisfies condition (f), and let uj+ and 

uj~ he elements of S^^j^ and S^/r respectively. Let c = (cij) G x GLn){Ro) satisfy 

u^ = c^-uiM)- (9-8) 

Let f be an automorphic form of weight {p, V) over R, and let 

f = ^canif) e ^■ 

Then 

d{p,p-adic,d){f)iA,u;) = {{p r^){c-'W f){A). 

Proof. We have 

dip,p-adic,d){f) = COcan O e'^if). 

So by 

d{p, p-adic, d) if) {A, io) = {p(^ t'') {c-')d{p, p-adic, d) (/) (A, u,an {A)) 

= {{p®r'){c-')){e^f){A) 

■ 

The same method also gives a similar result when we restrict to subrepresentations Z of p^r'^: 



Corollary 9.8. With hypotheses as in Lemma 9.1. 

dip,p-adic,dfif){A,u;) = {{p r^)\zic-')){9^ fM) 
As a corollary of Theorem 19.21 and Lemma 19.71 we obtain the following theorem. 
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Theorem 9.9. Let A be an R-valued point of the moduli scheme Ai{p-adic), and let f be an 

automorphic form over R of weight {p, V), and let Z be a subrepresentation of p® t'^. Then 

({p®r'')\z{c-^W^f){A) = iR{d{p,e,A,u,Sv\ii{A/R),d)f). 

Therefore, 

{{p®A\z{c-'W'f){A) 
lies in the R-submodule Z = R (S>r Z of Rq (S>r Z . 

One also obtains similar theorems for subrepresentations Z of p t'^. 

10 Splitting of Hjjj^ for CM abelian varieties 

In this section, we discuss conditions under which an abelian variety A/R has a splitting over R 

H})ji{A/R) = u®M 

that simultaneously satisfies both condition (f)and (J). Such abelian varieties are important for 
applications to construction of L-functions via the doubling method. 
Let E X E' he a, product of CM algebras E and E' , with 

E = LiX ■■■ X LruE 

E' = L[ X ■ ■ ■ X L'^^, 

products of CM fields Lj, L'- such that each field Li, L[ is a totally real extension of the CM field 
/C fixed in Section 11.31 Let 

© = X Se' 

be a CM type for E x E' , with 

©E = ©Ll X • • • X ©i„^ 
©'^ = ©i, x-.-x©,.,^^, 

CM types for E and E' . 

Definition 10.1. We shall say the CM type © is compatible with S if the following two 
conditions are both met: 

1. For each o" in ©£;, a\ic is in S. 

2. For each o" in ©£;/, (T|y(; is in S. 

Suppose {E X E', ©) is a CM type compatible with (/C, S). So 

E = Li X ■ ■ ■ X LruE 
E' = L[x...xL'^^, 
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with each Lj and each L[ a totahy real extension of i.e. Lj (resp. L-) is of the form Fi® K 
(resp. -F/ (8> K) for some totally real fields -Fj. We use the following notation: 

Ob = Oil X • • • X Ol^^ 
Oe' = X • • • X Ol^^^ 

OexE' = X Oe' 

= Of,x...x Of^^ X O^, X • • • X 

Let be a Z^p^-subalgebra of Q containing each O^- and each O^,'.- For each CM type 
{Li, &Li), there is a natural ring isomorphism 

Ol,(^R^Of,^Rx Of, ® R 
a r ^ (peiia 1^ r) x (f)Q- (o (g) r), 

where 

(/)e, : Ol, ® ^ Of, = i?®^ 
a (g) r I-)- (T(a)r. 

is the projection A similar isomorphism holds for each (L-,(3j^'). So there is a corresponding ring 
homomorphism 

OexE' R^ O (g) Rx O X R 
aig) r i-> ((/)6(a)r, 06(a)), 

and for any OexE' ® i?- module M, there is a corresponding O ® i?-decomposition 

M^M{&)®M{&), 

where 

M(6) = {m G M|a • m = (t)Q{a)m for ah a £ OexE'} 
M{&) = {me M\a ■ m = (t)Q{a)m for ah a G OexE'} 

If M is an invertible OexE' ^X" i?-module, then so are M{6) and M((3) as O i?-modules. 

Proposition 10.2. [Analogue of Key Lemma 5.1.27 in \Kat78l ] Let {&,E x E') he a CM type 
compatible with (Ti^fC), and let R he as above. Suppose A is an ordinary CM abelian variety of 
PEL type over R with complex multiplication by (OexE' ■ Then 

and the splitting 

HhR{A/R)=Hhni&)®HhR{6) 
simultaneously satisfies both conditions {\)and (f). 
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Proof. Let H = H]^^{A/ R). Since {A,G) is a CM abelian variety over i2, 

H = H{&)®H{&) 

is an invertible OexE' ii-module. So H{6) and H{&) are invertible O (8) ii-modules. Note that 
the action of OexE' on Lie{A^ /R) is through a i— )• (/)g. Therefore, in the exact sequence 

^ w ^ F(e) e F(©) ^ Lie{A^/R) 0, 

H{&) maps to in Lie{A/R). So H{&) is contained in ^. Since ^ is ordinary, u is an invertible 
O i?-module. So H{(3) = oj. The rest of the proof now follows exactly as in |Kat78| Key Lemma 
5.L27. ■ 

Let [/(!)" denote the subgroup 

C/(l) X ••• X [/(I). 



n times 

of U{n). Consider the natural embedding 

Sh{U{ir X ^7(1)") ^ Sh{U{n) x U{n)) ^ Sh{U{n,n)). 

The points of Sh{U{l)^ x ?7(1)") parametrize abelian varieties isogenous to a CM abelian variety 
of the form 

Ax ■ - X A 
2n copies of A 

(where each copy of A is one-dimensional) with CM type 

/ 

(/C, S) X • • • X (/C, S) X (/C, S) X • • • X (/C, S) 



\ n times n times / 

Each abelian variety parametrized by a point of Sh{U{n) x U{n)) is isogenous to an abelian variety 
parametrized by Sh{U{\)^ x [/(I)"). Thus points of Sh(U{n) x U{n)) parametrize CM abelian 
varieties compatible with S. Since each of the abelian varieties in Sh{U (n) x U (n)) is a CM abelian 
variety of CM type compatible with S, we arrive at the following corollary. 

Corollary 10.3. Each of the abelian varieties in Sh{U{n) x U{n)) has a splitting simultaneously 
satisfying conditions (f) and (|). 

Corollary 110.31 is crucial to our applications involving the pullback method to construct L- 
functions. The pullback method only requires evaluating functions at points of U{n) x U{n). So 
we have the algebraicity result at all points relevant to construction of L-functions in the pullback 
method. (Functions are pulled back from Sh{GU{2V)) to Sh{U{V) x U{V)). 

Remark 10.4. Note that the proof of Proposition 110.21 shows that there are also other abelian 
varieties which have a splitting simultaneously satisfying both conditions (f) and (|). For example, 
suppose A is a CM abelian variety with CM by a CM field L = F K in which p splits completely 
in F, where deg F = 2n = dim A. Let 

& = {ai, . . . ,(T2n} 
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be a CM type for L such that 
for \ <i <n and 

for n + 1 < i < 2n. Then the proof of Proposition 110.21 shows that Hjjj^{6) © Hjjj^{&) gives 
a sphtting of Hjjj^ satisfying conditions (t)and (t) simultaneously. Thus, there are also abelian 
varieties (over R) in Sh{U{2V)) not in Sh{U{n) x U{n)) that have a splitting (over i?) simultane- 
ously satisfying (f) and (f). For all our intended applications (i.e. construction of certain p-adic 
L-functions using the doubling method), however, only abelian varieties of the type in Proposition 
110.21 will be relevant. 
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